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Abstrakt

Predkladana dizerta¢né praca sa venuje skiimaniu teérie zovieobecnenej prav-
depodobnosti pomocou metod tedrie kategorii. Ide o jednu z odpovedi na vy-
zvu L. Zadeha na kon$trukciu teorie fuzzyfikovanej pravdepodobnosti, a to
v podobe minimalneho kategoridlneho (epireflektivneho) rozsirenia kolmogo-
rovovského uchopenia. Pravdepodobnostny integril je v nej ponaty ako li-
nearizdcia ndhodnych udalosti. Stucastou textu sa aj vysledky zo studia sto-
chastickej (ne)zéavislosti a podmienenej pravdepodobnosti v zovieobecnenom
pravdepodobnostnom priestore. Suméru a podrobnému opisu vysledkov pred-
chadza priblizenie teoretického rdmca celej problematiky v miere primeranej
dizertacnej praci. Vyklad by mohol poslazit v procese vyucby tedrie prav-
depodobnosti a matematickych struktar, ale aj poskytnat podnety pre dalsi
vyskum v oblasti matematickych a filozofickych zakladov teorie pravdepodob-
nosti.

Krucové slova: Klasicka tedria pravdepodobnosti, tedria zovieobecnenej prav-
depodobnosti, pravdepodobnostny integral, fuzzyfikicia, linearizacia nahod-
nych udalosti, A-poset fuzzy mnozin, pozorovatelna, zdruzeny experiment,
stochasticka zavislost, podmienené pravdepodobnost, tedria kategorii, epiref-

lektivna podkategoéria, kategoriadlny stcin.



Abstract

The present dissertation is devoted to investigation of generalized probability
theory via categorical methods. It offers an answer to L. Zadeh’s challenge to
construct a fuzzified probability theory, namely, we present a minimal catego-
rical (epireflective) extension of kolmogorovian approach. Probability integral
is perceived as a linearization of random events. We present our results related
to stochastic (in)dependence and conditional probability in generalized pro-
bability space. We provide appropriate background information, results and
their summary. Our presentation could serve in teaching probability theory
and mathematical structures, as well as to provide inspiration for future rese-
arch in the area of mathematical and philosophical foundations of probability
theory.

Keywords: Classical probability theory, generalized probability theory, pro-
bability integral, fuzzification, linearization of random events, A-poset of fuzzy
sets, observable, joint experiment, stochastic independence, conditional pro-

bability, category theory, epireflective subcategory, categorical product.
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Uvod

Napriek tomu, ze fenomén neurcitosti — a to dokonca v rozliénych podobéach — je
neustale pritomny v beznom i menej beznom Zivote ¢loveka i Tudskej spolo¢nosti,
jeho matematicky opis je problematicky, ba v niektorych situaciach az prakticky ne-
mozny. Rozmanita plnokrvnd neurcitost sa uchopeniu rigidnou matematikou brani.
Sved¢i o tom aj viacero, uz v minulosti, znamych paradoxov. Jednou z matematic-
kych teorii, ktoré sa zaoberaju opisom neurcitosti, a to konkrétne spojenej s budi-
cimi udalostami ¢i javmi, je teéria pravdepodobnosti. Zjednodusene mozno tvrdit,
7e jej ambiciou je jednak ich opis, jednak odhad miery, s akou mozu nastat. V za-
bere je teda iba jeden typ neurcitosti, na deskripciu inych primerané/dostato¢né
nastroje nema. V kontexte prace o zovseobecnenej pravdepodobnosti je vhodné po-
ukazat na to, ze prostrednictvom ,klasickych® pojmov nemozno uchopit tzv. fuzzy
neurcitost (Cize uvazovat aj o javoch, ktoré si s istou mierou vzdialené od idealu).
Spominana neurcitost je predmetom S$tudia tzv. fuzzy matematiky. Ide o oblast
so zna¢nym progresom vyskumu, vdaka ¢omu sa dnes pontika celd paleta matema-
tickych $truktiar, umoznujtcich opisat roézne neurcité javy. Pri opisovani jednotlivych
Struktiur a ich vzajomnych vztahov sa v8ak Casto zachadza do detailov a s narasta-
jucim mnozstvom informécii sa vlastne zneviditelfiuje podstata. Naviac rézni autori
skiimajuci tu istd oblast ¢asto pouzivaju roznu terminoldgiu, naoko su vysledné té-
orie nesuvisiace, tazko ich porovnat a dat do stvisu. A preto je namieste otazka,
¢ je mozné konzistentne a efektivne matematicky uchopit neurcitost. Azda uz tu
sa hodi neurcitd — mozno povedat fuzzy alebo dokonca aj kvantova — odpoved:
ano aj nie. Moja dizerta¢na préca je snahou prispiet k pozitivnej odpovedi na fiu.
Ako uz ukézalo viacero odbornikov na predmetna tému, efektivny jazyk umoziu-
juci rozlicné modely neurc¢itosti uchopit v zdruzenom kontexte a vzajomnom stivise
pontika tedria kategorii, pricom jej potencidlom je pozriet sa na problematiku viac
zhora. Jej jazyk vo vSeobecnosti umoziuje dat do perspektivy zdanlivo nestvisiace
oblasti matematiky, identifikovat a opisat niektoré zédkladné konstrukcie a zaroven
prostrednictvom univerzalizujiicej terminologii a diagramom poukazat na analogické
konstrukcie. [zolované matematické discipliny sa tak ocitaji na jednom zdruzenom
matematickom shrisku, nie kazda na vlastni pdast vo svojom priestore bez moznosti

komunikovat s ostatnymi aktérmi.



Predkladana préaca sa venuje teérii zovseobecnenej pravdepodobnosti, v ktorej
je klasicky pravdepodobnostny priestor nahradeny zovseobecnenym pravdepodob-
nostnym priestorom. Ambiciou tedrie zovseobecnenej pravdepodobnosti je do mo-
delu zahrnit okrem aspektu nahodnosti aj fuzzy aspekt, ¢im mozno na skimany
jav poskytnat komplexnejsi pohlad. Ide vlastne o jednu z reflexii na navrh L. Za-
deha. V tedrii figuruji zovseobecnené nahodné udalosti z mnoziny M(A) vsetkych
A-meratelnych funkcii do jednotkového intervalu, ktorych miera je urcena pravde-
podobnostnym intergralom vzhladom k pravdepodobnostnej miere.

Text prace je koncipovany tradi¢ne, pricom jeho taziskom st dve Casti: ta prva
poskytuje ¢itatelovi obraz st¢asného stavu v skiimanej problematike (vychodiska)
a na nu nadvizuje druhd s opisom a sumarizaciou vysledkov dosiahnutych pocas
mojho doktorandského $tudia pod vedenim mojich Skolitelov. Menovite je cielom
poniknut prehlad o réznych typoch neurcitosti, sposobov ich matematického mo-
delovania, ako aj o filozofickom pozadi. Speciélne je praca zamerand na Stddium
fuzzy neurcitosti, zovSeobecnenej pravdepodobnosti a suvisiacich matematickych
struktir. K problematike sa pristupovalo pomocou elementarnych metod teorie ka-
tegorii. Zaver patri nacrtu perspektiv dalsieho badania.

Z hladiska metodického pristupu dizerta¢na praca pokracuje v duchu kategorial-
neho pristupu R. Frica a M. Pap¢a k teorii zov§eobecnenej pravdepodobnosti (po-
zri [20], [24]). Na rozdiel od ich modelovania ndhodnych udalosti prostrednictvom
D-posetov fuzzy podmnozin univerza, v tejto praci budia na takyto ucel vyuzivané
A-posety, zavedené V. Skiivankom (pozri [60]). Cast vysledkov moino povazovat
za reformulaciu tvrdeni spominanych autorov préave v jazyku A-posetov. Vzhla-
dom na istu pridant hodnotu takéhoto pristupu jazyk A-posetov je uplatneny aj
v novych tvrdeniach. Stic¢asnou ambiciou je ukizat, Ze tedria kategorii, jej postupy
a konstrukcie su vhodnymi nastrojmi na sktimanie teorie zovseobecnej (fuzzy) prav-
depodobnosti a umoznuju ju dat do kontextualneho ramca s inymi modelmi pravde-
podobnosti. To méze pomoct nielen najst dostatoény argument oddvodiujici Zade-
hovo ponatie, ale aj v snahe predstavit ucelenejsi matematicky pristup k neurcitosti
a pravdepodobnosti.

Vzhladom na to, Ze zaviest Sirokou odbornou verejnostou akceptovany nazov
pomerne novej tedrie nie je jednoduché, v zhode s R. Fricom a M. Papcom, pouzivam

zatial v ¢lankoch a budem aj v celom tomto texte pouZivat vyraz zovSeobecnend



alebo fuzzyfikovand pravdepodobnost (hoci som si vedoma, Ze niektori odbornici by
mohli mat terminologické vyhrady).

Praca sa deli na Styri kapitoly:

Prva kapitola je priblizenim matematického chépania neurcitosti v minulosti
a dnes. V druhej kapitole ¢itatel najde teoretické vychodiska dizertac¢nej préace. Ide
najmé o zakladné pojmy z fuzzy logiky a teorie kategorii a vysvetlenie tedrie zovse-
obecnej pravdepodobnosti, ako aj vysledky autorov, ktori tito tému skiimali predo
mnou a v ktorych préaci pokra¢ujem. Zamerom dalsich dvoch kapitol je predstavit
dosiahnuté vysledky, ktoré boli publikované aj vo forme dvoch ¢lankov, ktorych ko-
pie st priloZené na konci prace. V tretej kapitole vysvetTujem, preco je pravdepodob-
nostny integral vhodnym a prirodzenym rozsirenim pravdepodobnostnej miery. Ide
najméi o opis komplexného dovodu zalozeného na kategoridlnom pristupe k pravde-
podobnosti a uplatiiovanie prirodzenej poziadavky lepSieho rozhodovania o neurci-
tych javoch. Stvrta kapitola je venovana zovseobecneniu stochastickej (ne)zavislosti
a podmienej pravdepodobnosti.

Hlavnym cielom dizertacnej prace je prispiet k vybudovaniu stuvislej tedrie zovse-
obecnenej pravdepodobnosti v jazyku Struktary A-posetov pomocou metdd teodrie
kategorii.

Jeho dosiahnutiu napomahaji nasledujice ¢iastkové ciele:

e Pontknut ¢itatelovi prehladny nacrt roznych typov a spoésobov modelovania

neurcitosti.

e Porovnat jednotlivé Struktiry pouzivané roznymi autormi v modelovani poj-
mov teodrie zovSeobecnenej pravdepodobnosti. Ukazat, preco st na to A-posety

vhodnou $truktarou.

e Opisat zédkladnu kategoriu a jej podkategorie tak, aby vSetky pojmy a kon-
Strukcie klasickej (Kolmogorovej) teorie pravdepodobnosti v nej boli obsia-

hnuté ako $pecidlny pripad.

e Ukazat, preco je pravdepodobmnostny integral naozaj vhodnym a prirodze-
nym rozSirenim pravdepodobnostnej miery — opisat komplexny dévod zalo-
zeny na kategoridlnom pristupe k pravdepodobnosti a prirodzenej poziadavke

lepsieho rozhodovania o neistych javoch.



e Studovat a opisat stochastickt nezavislost, zavislost a podmienent pravdepo-

dobnost v teodrii zovSeobecnenej pravdepodobnosti.

e Hladat dalSie perspektivy badania v tejto oblasti.
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1 Poznamky o neurcitosti

V kazdodennom Zivote ¢lovek potrebuje robit racionalne rozhodnutia. Casto sa jeho
rozhodovanie tyka neurcityjch, neistyjch, nepresngjch javov. Matematika je disciplina,
ktord oddavna sluzi Tudom v efektivnom opise roznych fenoménov a ich racional-
nom vyhodnocovani podla ur¢enych pravidiel. Niektoré javy nastant v budicnosti
a zéavisia od nahody. Ako o nich méZzeme matematicky rozpravat a podla ¢oho sa
v takychto situdciach rozhodovat, zaujimalo réznych u¢encov uz v davnej minulosti.

V dejinéch néjdeme velmi rozli¢né postoje k tejto problematike. V chapani na-
hody je velky rozdiel medzi antickou a novovekou matematikou. Vplyv na to mal
najma nabozensky a filozoficky svetonazor vtedajsich Tudi. Tejto problematike sa
venuje L. Kvasz (pozri napr. [44]). V antike sa pojem nahody spéajal aj so $tas-
tim alebo nestastim ¢loveka a jeho I'udskym osudom, teda nespadal do kompetencii
matematického skimania. Od 16. storocia zacali europski u¢enci matematicky ana-
lyzovat hazardné hry, ¢im sa ndhodné udalosti stali matematicky uchopitel nymi.

Myslienka kvantifikacie neur¢itosti o buduacich udalostiach (priradenie ¢isla) siaha
k J. Bernoullimu: ,, Pravdepodobnost (udalosti) je stuper istoty a odlisuje sa od nej
ako ¢ast od celku.“ (Pozri [5].)

A. N. Kolmogorov (pozri [38]) v minulom storo¢i axiomatizoval teériu pravde-

podobnosti:

e Pravdepodobnostny priestor je trojica (€2, A, p), kde € je mnozina vsetkych
vysledkov ndhodneho pokusu, A je (redukované, separované) o-pole podmno-
7in Q, kazdé A € A sa nazyva udalost, udalost vo forme A = {w}, w € Q, sa

nazyva elementarna udalost;

e p: A — [0,1] je normovani c-aditivna miera nazyvana pravdepodobnost,

p(A) meria aka je velkd A € A v porovnani s ;

e najdolezitejsim prikladom je (R,Bg,p), kde R si realne cisla, By je realne

Borelovské o-pole a p je pravdepodobnost na Bp.

Budtce udalosti, ktoré zavisia od nahody st teda dobre matematicky modelo-
vané mnozinami. Pracuje sa tu s klasickou (dvojhodnotovou) logikou, ktora prira-
duje kazdému vyroku prave jednu pravdivostni hodnotu (bud 0, alebo 1). To vsak

¢asto nezodpoveda T'udskému beznému Zivotu, ktory nie je ciernobiely. Ludia sa
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z hladiska klasickej dvojhodnotovej logiky ¢asto vyjadrujiu nepresne, nejasne, neur-
¢ito, pouzivaju pojmy, ktoré nie si ostro vymedzené, su vdgne a napriek tomu st pre
nich zrozumitelné. Ludska mysel dokéZe vyhodnotit ako pravdivé, ¢i nepravdivé vy-
roky o mladom ¢loveku, stredne velkom dome, ¢i kopke piesku a rozumie relativnym
pojmom ako napr. vela alebo lahkij. Pri opise podobnych javov jazykom klasicke]
booleovskej logiky sa vyskytni rozne problémy, zndme paradoxy a v niektorych
pripadoch a7z nemoznost matematického opisu. V dneSnej dobe je nevyhnutné, aby
niektoré ulohy automaticky riesili pocitacové stroje fungujice na zaklade matema-
tickych aplikicii. Preto je nutné vediet matematizovat aj takéto situacie.

Riesenim moze byt fuzzy logika, ktort prvykrat predstavil L. Zadeh zavedenim
fuzzy mnozin v roku 1965 v jeho ¢lanku Fuzzy sets (pozri [63]). Vo fuzzy logike je
kazdému vyroku priradend jedna z pravdivostnych hodnot z intervalu [0, 1]. Fuzzy
logika je rozSirenim klasickej logiky. Vyznamnym prinosom st viachodnotové lo-
giky (prva viachodnotovi logiku zaviedol Lukasiewicz, pozri [47]). L. Zadeh (v [63])
zadefinoval fuzzy podmnozinu univerza (nosnej mnoziny) ako mnozinu charakterizo-
vanu funkciou prislusnosti, ktora priradi kazdému prvku (objektu) univerza stupet
prislusnosti z intervalu [0, 1]. Nasledne na fuzzy podmnoziny rozsiril aj klasické mno-
7inové operacie — zjednotenie, prienik, doplnok. Neskor aj d'alsi matematici rozvinuli
jeho myslienky a fuzzy logika a fuzzy mnoziny sa stali samostatnou matematickou
disciplinou s mnohymi aplikdciami. Pomocou fuzzy logiky sa matematicky jazyk stal
zas o nieco schopnej$im opisovat svet okolo nas a jej aplikacie sa vyuzivaju vo via-
cerych oblastiach Tudského Zivota, napr. v automobiloch, domécich spotrebic¢och,
pocitacovej bezpecnosti, biologickych vedach, medicine, financ¢nej analyze, v oblasti
prava aj biznisu atd.

Fuzzy logika ma uplatnenie aj v teorii pravdepodobnosti. Klasickd teéria prav-
depodobnosti m& mnozstvo aplikicii, ale v niektorych situdciach sa stava problema-
tickou. Teodria pravdepodobnosti aj fuzzy logika matematizuji neurcité javy, ale ide
o dva rozne typy neurcitosti. V teérii pravdepodobnosti ide o ndhodnost — neurci-
tost spociva v tom, Ze sa nevie, ¢i dany jav nastane, alebo nenastane. Pracuje sa
s nahodnymi udalostami. Vo fuzzy logike ide o stupen prislusnosti k danému javu
— neurc¢itost spociva v tom, v akej miere dany jav nastal. Pracuje sa s fuzzy uda-
lostami. Ale niekedy sa mozu vyskytovat oba typy neurcitosti (ndhodnost aj fuzzy)

naraz, teda ¢i dany jav nastane zalezi od ndhody (ndhodné udalost) a moze nastat
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v roznej miere (fuzzy udalost). Preto vhodna fuzyfikicia tedrie pravdepodobnosti
moze priniest komplexnejsi pohlad na skiimant realitu. (Viac mozno najst v ¢lanku
[39].) V redlnom svete nie vzdy vieme odmerat data tplne presne, pretoze napriklad
voda v rieke alebo teplota v miestnosti podlieha fluktuacii. Vhodnejsie je povedat,
ze hladina rieky dosahuje okolo 10 metrov, nie 10 metrov. Vyrok voda dosiahne okolo
10 metrov bude povazovany za fuzzy udalost. Aj v roznych inych pripadoch vysledky
nahodnych pokusov nemdzu byt poznané alebo pozorované presne a ziskané tdaje
st iba aproximéaciou reality. Prikladom situécie, kde pracujeme s vdgnymi ddtam:
je tiez priradenie subjektivneho vnimania alebo lingvistickej premennej (ako dost,
dobre, dostatocne. ..) k meranym hodnotam, ¢o sa vyuziva napr. v dotaznikoch a vy-
skumoch v socialnej oblasti. V pripadoch skimania takychto fuzzy udalosti mdze
byt fuzzy logika a teodria fuzzy mnozin dobrym néstrojom na modelovanie pravdepo-
dobnostného modelu skiimaného javu. Tento pristup navrhol v |63| L. Zadeh a bude
podrobne analyzovany na dalsich miestach v tejto praci.

éastym nedorozumenim je stotoziiovanie pravdepodobnosti p(A) so stupiiom
prislusnosti p4(z). Pri ivahach o p,(x) je argument z fixovany a dobre znamy
a mnozina A je fuzzy podmnozina univerza. Ale ¢o sa tyka p(A), mnozina A je
dobre definovana, zatial ¢o hodnota premennej z, ktora je priradena k p(A) je neista
a pohybliva. Pravdepodobnost p priradi kazdej meratelnej podmnoZine zékladne;

mnoziny € ¢islo z [0, 1] podl'a Kolmogorovych axiom:

ak AN B =10, tak p(AU B) = p(A) + p(B).

Za ur¢ity most medzi teériou pravdepodobnosti a fuzzy matematikou sa da podla
D. Duboisa povazovat posibilisticka teoria, v ktorej sa uplatiiuje zobrazenie II zo za-

kladnej mnoziny €2 do intervalu [0, 1] reSpektujic axiomy:

(AU B) = max{II(A), II(B)},

(pozri [61]).
D. Dubois a H. Prade sa venuju vztahu medzi teériou pravdepodobnosti, po-

sibilistickou teodriou a fuzzy matematikou. VSetky tri matematické tedrie opisuju
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neurcitost, ale kazda z iného uhlu pohladu, vlastnym jazykom a axiomami. Ide o tri
rozne aspekty, ktoré sa podla nich nesmi stotoznovat alebo nejako vzajomne redu-
kovat. D. Dubois a H. Prade sa v ¢lanku [13| venujua dileme ,,pravdepodobnost versus
fuzzy“ a upozoriiuju na to, ze tieto discipliny si neprotirecia, ale mozu sa dopliat.
Vysvetluju problematiku a hovoria o moznych prepojeniach medzi nimi. O prav-
depodobnosti a fuzzy matematike by sa nemalo rozmyslat ako o dvoch roznych
vyluc¢ujicich sa alternativach, lebo ich spojenim je mozné ziskat mnoho vyhod, tym
ze sa zvacsi ramec moznosti modelovania neurcitosti a vagnosti, ktoré obe discipliny
opisuji, ¢o vrha nové svetlo na stari prax.

Okrem spominaného existuje eSte vela inych matematickych pristupov k neurci-
tosti a pravdepodobnosti. Spomeniem aspon subjektivnu teoriu pravdepodobnosti

a kvalitativnu teoriu pravdepodobnosti. Viac sa im venuje D. Gillies v [32].
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2 Teoéria zovSeobecnenej pravdepodobnosti:

teoretické vychodiska

V |63] L. Zadeh navrhol nahradit klasicky pravdepodobnostny priestor (€2, A, p)
zovSeobecnenym pravdepodobnostnym priestorom (Q, M(A), [(.)dp), kde M(A)
je mnozina vSetkych meratelnych funkeif z A do [0,1] a [(.)dp je pravdepodob-
nostny integral vzhladom k miere p. Neskor L. Zadeh navrhol maximum, minimum
a komplement ako operécie na fuzzy udalostiach a ststredil sa hlavne na aplikicie
v inzinierskej praxi a soft computingu.

M. Navara poznamenava v [50], ze [(.)dp je prirodzenym rozsirenim p, ale L. Za-
deh sa nevenuje ,matematickému® zdévodnovaniu, preco prave tento model je tym
,najvhodnejsim“. M. Navara prostrednictvom dvoch réznych pristupov (pravdepo-
dobnost na klanoch a pravdepodobnost na MV-algebrach so su¢inmi) poukazuje
na vhodnost zadehovského modelovania.

Cielom tejto kapitoly je podat komplexnej$ie odovodnenie Zadehovho modelu
pravdepodobnosti, ktoré bude zalozené na kategoridlnom pristupe k matematike
a tiez ukézat na charakteristické vlastnosti pravdepodobnosti, ktoré si najlepSie

vystihnuté v tomto modeli.

2.1 Fuzzy logika

Ked7e sa v praci pouZivaju pojmy tykajuce sa fuzzy matematiky, v tejto podkapitole
stru¢ne pripomeniem ¢itatelovi z hl'adiska zameru dizertacnej prace dolezité pojmy
z tejto oblasti (podla [61]).

Tradi¢nym vychodiskom fuzzy matematiky je identifikdcia podmnoziny univerza

s jej indikdtorovou funkciou:

Definicia 1. Nech X je univerzom a A jeho podmnozinou. Funkcia x4 : X — {0,1}

urc¢ena predpisom

1, akxz € A,

Xa(@) =
() 0, akz ¢ A,

pre kazdé z € X, sa nazyva indikdtorovd funkcia podmnoziny A.
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S vyuzitim definicie 1 mozno kazda podmnozinu univerza reprezenzovat pro-
strednictvom jej indikatorovej funkcie. Zaroven kazdej funkcii definovanej na uni-
verze s oborom hodnoét {0, 1} jednozna¢ne zodpoveda nejakd podmnozina univerza.
Namiesto podmnozin univerza sa teda mozno ekvivalentne zaoberat indikatorovymi
funkciami definovanymi na univerze. MnoZinovym operaciam (zjednotenie, prienik,
rozdiel, doplnok) v takomto ponimani zodpovedaji vhodné operacie medzi indika-

torovymi funkciami.

Definicia 2. Nech X je univerzom. Funkcia p, : X — [0, 1] sa nazyva fuzzy pod-

mnoZina A univerza X.

Pozndmka 1. Ak p, je fuzzy podmnozinou X, tak ¢islu py(z) pre x € X sa ho-
vori stuperi prislusnosti prvku x do fuzzy podmnoZiny A. (Samotnej funkcii p, sa
preto v niektorych textoch hovori aj funkcia prislusnosti.) V takomto kontexte sa

teda identifikuje fuzzy podmnozina A univerza X s mnozinou usporiadanych dvojic
{[z, pa(2)]|Ve € X}.

Ak py(z) € {0, 1}, pre kazdé = € X, podmnozina A je klasicka (ostrd) mnozina.

Definicia 3. Nech A je fuzzy podmnozinou univerza X. Mnozina Range(A) sa

nazyva oborom hodnét A prave vtedy, ked Range(A) = {u,(z) |z € X}.

Definicia 4. Nech A je fuzzy podmnozinou univerza X. Mnozina Supp(A) sa nazyva

nosicom fuzzy podmnoziny A prave vtedy, ked Supp(A) = {z € X| p,(z) > 0}.

Definicia 5. Fuzzy podmnozina A univerza X sa nazyva prdzdnou prave vtedy, ked

pre kazdé x € X plati p,(z) = 0.
Definicia 6. Fuzzy podmnozina sa nazyva konecnou, ak ma kone¢ny nosic.

Definicia 7. Nech A je fuzzy podmnozinou univerza X. Mnozina Ker(A) sa nazyva

jadrom fuzzy podmnoziny A prave vtedy, ked Ker(A): Ker(A) = {z € X| uy(z) = 1}.

Definicia 8. Fuzzy podmnozina A univerza X sa nazyva normdlnou, ak existuje

také x € X ze uy(x) = 1. V opa¢nom pripade sa nazyva subnormdlnou.

Definicia 9. Fuzzy podmnozina A univerza X sa nazyva konvernou, ak pre kazdé

xz,y € Rakazdé A € (0,1) plati uy(Ax + (1 — N)y) > min{u,(x), pa(y)}
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Definicia 10. Fuzzy podmnoziny A, B univerza X sa rovnaju, ak p,(z) = pg(x)
pre kazdé z € X.

Definicia 11. A C B, prave vtedy, ked p4(z) < pg(x) pre kazdé z € X.

Definicia 12. Fuzzy jednotkou sa nazyva fuzzy podmnozina A univerza X, ktorého

nosic¢ je jediny bod x s funkciou prislusnosti p,(z) = 1.

Existuje celé spektrum operacii s fuzzy podmnozinami. Medzi ne patria najma
trojuholnikové normy a konormy, ktoré si rozsirenim prieniku a zjednotenia mnozin
na fuzzy podmnoziny.

Trojuholnikové normy (kratko t-normy) sa funkcie, ktoré sa pouzivajiu na mode-

lovanie konjunkcie vo fuzzy logikach a pri zovSeobecneni prieniku fuzzy podmnozin.

Definicia 13. Funkcia T': [0,1]> — [0, 1] sa (podla [37]) nazyva trojuholnikovou
normou prave vtedy, ked pre kazdé .y, z € [0, 1] plati:

(T1) T(x,y) = T(y, x), komutativnost,

(T2) T(x,T(y,2)) = T(T(x,y), 2), asociativonost;

(T3) T(z,y) < T(x,2), ak y < z, neklesajicost,

(T4) T(z,1) = hrani¢nd podmienka.

Tieto Styri t-normy definované pre x,y € [0, 1] sa (podla [37]) povazuju za zd-
kladné:

e minimovd t-norma uréend predpisom Ty (z,y) = min{z, y};

e sucinovd t-norma uréend predpisom Tp(z,y) = xy;

o Lukasiewiczowa t-norma urcend predpisom T (x,y) = max{0,z +y — 1};
e drasticky sucin ur¢eny predpisom

min{z,y}, ak max{z,y} =1
0 inak.

TD(‘Tay) =

Trojuholnikové konormy (kratko t-konormy) sa funkeie, ktoré sa pouzivaji na mo-

delovanie disjunkcie vo fuzzy logikach a pri zovseobecneni zjednotenia fuzzy mnozin.
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Definicia 14. Funkcia T : [0,1]* — [0,1] sa nazyva trojuholnikovd konorma, ak

pre kazdé z,y, z plati:

(81) S(x,y) = S(y, ), komutativnost;
(82) S(z,S(y,2)) = S(S(z,y), 2), asociativnost;
(55) S(x,y) < S(SC z), ak y <z neklesajicost;
(84) S(x,0) = hranicnd podmienka.

Podla [37] (kde mozno najst dokaz) su t-normy a t-konormy navzajom dudlne,

t.].:

Veta 1. Funkcia S : [0,1> — [0,1] je t-konorma prdive vtedy, ked pre kazdé
xz,y € [0,1] plati

pricom funkcia T je t-norma.
Tieto $tyri t-konormy definované pre z,y € [0, 1]? si duélne k zdkladngm t-normam:
e mazimovd t-konorma urcéena predpisom Sy (z,y) = max{z,y};
e pravdepodobnostny sucet uréeny predpisom Sp(z,y) = +y — xy;
o Lukasiewiczowa t-konorma urfend predpisom Sy (x,y) = min{l,z + y};
e drasticky sucet urceny predpisom

max{z,y}, ak min{z,y} =0,

SD(:Ea y) = .
1 inak.

Na modelovanie vagnych hodnot sa pouzivaja fuzzy ¢isla s funkciami prislusnosti
rozneho typu. Oc¢akava sa od nich, Ze budu napliiat intuitivnu predstavu modelova-
nej hodnoty. Napr. ak je teplota okolo 5°C, tak je pod tym mysleny urcity interval
¢isel (moze to byt napr. interval [4;6]) a ¢im st &sla z daného intervalu blizsie
k hodnote 5, tym je ich stupen prislugnosti k 5 vacsi a ¢im sa dalej, tym je mensi.
(Napr. desatinné ¢islo 4,9 je povazované viac za takmer 5 nez napr. 4,1.) Cisla, ktoré
sa nenachadzaji v danom intervale, maju stupen prislusnosti 0. Cislo 5 ma stupen
prislusnosti 1. Tito intuitivnu situaciu a prirodzené vlastnosti, ktoré st vyzadované,

treba matematizovat, ¢o sa da urobit viacerymi sposobmi.
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Definicia 15. Fuzzy podmnozina A univerza X sa (podla ¢lanku [45]) nazyva fuzzy
¢islo prave vtedy, ked A je normalna, konvexné fuzzy podmnozina univerza a nosi-

¢om fuzzy podmnoziny A je ohrani¢end podmnozina realnych ¢&isel.

Pozndmka 2. V zahrani¢nej literattre sa ¢asto pouziva nazov fuzzy ¢islo len pre
také fuzzy ¢isla z definicie 15, ku ktorym existuje prave jedno také realne ¢islo a, ze

pa(a) =1 a toto redlne ¢islo a sa nazyva vrcholom alebo modom fuzzy ¢isla.

2.2 Teéria kategorii

Ked7ze literatira tykajica sa zovSeobecnenej pravdepodobnosti je rozsiahla, k tejto
téme existuje mnoho réznych pristupov, s réznou terminolégiou, ale ¢asto s para-
lelnymi vysledkami, R. Fri¢ a M. Papco boli presvedceni, ze kategoridlny pristup
k danej problematike by umoznil dat podstatni cast vysledkov do perspektivy a zo-
rientovat sa v nich vd'aka unifikujtcej teorii, v ktorej kolmogorovovska klasika fi-
guruje ako §pecialny pripad. (pozri [20], [24]). Ich pohlad som si osvojila aj ja.
V nasledujticej podkapitole Gitatelovi stru¢ne predstavim teoriu kategorii a jej me-
tody, ktoré st vyuzivané v praci.

J. A. Goguen v Kategoridlnom manifeste (pozri |33]) vyhlasil za prvi dogmu
kategoridlneho pristupu: ,, 7o each species of mathematical structure, there corres-
ponds a category whose objects have that structure, and whose morphisms preserve
it.“ V tejto préaci sa hlTada taka kategoria, ktorej objekty a morfizmy st dolezité
stochastické pojmy a dobre sa s nimi pracuje (A-posety, pozorovatelné, ELIA...).

Rozne oblasti matematiky a dokonca rozni autori skiimajuci td ist oblast ¢asto
pouzivaju roznu terminoldgiu, pri¢om rozne tedrie sa buduji podla rovnakych prin-
cipov a vysledky sii analogické. Ale naoko st nesivisiace, tazko ich porovnat a dat
do suvisu. V kategoridlnom pristupe sa ocakava zodpovedanie otazok ako: ¢o su
objekty, ktoré su ich hlavné vlastnosti, ktoré matematické struktiry ich modeluja
a Co st zobrazenia (morfizmy) opisujice vztahy (dynamiku) medzi objektami? Od-
povede davaju existujice tedrie a vysledky do perspektivy a vedid k lepSiemu poro-
zumeniu moznych zjednoduseni. éipky a komutativne diagramy vizualizuju klucové
vety a pomahaji porozumiet ich dokazom. Teéria kategorii umoziuje opisat rozne
Struktary v tom istom jazyku a tak ich porovnavat a hladat optimélne. Preto sa

metody teorie kategorii vhodnymi nastrojmi aj na skiimanie matematickych kvan-
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tovych Struktir a zovSeobecnenej pravdepodobnosti (pozri [20]).

Teraz intuitivnou formou zhrnieme niektoré zékladné pojmy teorie kategorii,
ktoré bez zachadzania do technickych podrobnosti ulahé¢ia ¢itatelnost prace. Presné
definicie a podrobnosti ¢itatel najde v praci [1].

Pod kategoriou sa rozumie trieda nejakych prvkov, ktoré nazyvame objekty, s de-
finovanymi vztahmi medzi nimi, ktoré sa nazyvaji morfizmy (zvyknu sa znazoriovat

ako §ipky), pri¢om st splnené nasledujice poziadavky:

e Pre kazdé dva objekty z,y v kategorii sibor Hom(z,y) morfizmov z = do y

tvori mnozinu.

e V kategorii existuje kompozicia morfizmov: pre vSetky objekty x,y, z a vSetky

morfizmy f € Hom(z,y) a g € Hom(y, z) existuje go f € Hom(x, z).

e Tato kompozicia je asociativna: Pre vSetky objekty xz,y,z,w a vSetky

f € Hom(x,y), g € Hom(y,z),a h € Hom(z,w) plati (hog)o f = ho(go f).

e V kategorii pre kazdy objekt x existuje identicky morfizmus id, € Hom(z, )
s vlastnostou: id, of = f pre v8etky f € Hom(t,z) a pre vSetky objekty ¢;
foid, = f pre vietky f € Hom(x,y) a pre vSetky objekty y.

V tejto dizertacnej praci sa nardba s mnozinami, na ktorych je definované urcita
strukura ako s objektmi a so Strukturu zachovavajicimi zobrazeniami ako s morfiz-
mami (mozno ich chépat ako tzv. konkrétne kategorie).

Vsetky neskor dokazované tvrdenia v praci veda ku kIi¢ovému tvrdeniu o epi-
reflektivnej podkategorii, ktora je velmi dolezitym pojmom v tedrii kategorii (pozri
[1]) a mo6zeme ho priblizne vysvetlit takto: Podkategoria B kategorie A je epireflek-
tivna v A, ak kazdy objekt z A modze byt pekne vnoreny do nejakého objektu ap
z B (jednoznacne urceny a7 na izomorfizmus) a kazdy morfizmus h: a — b, kde b
je objekt z B, moze byt jednozna¢ne rozsireny na jediny morfizmus hy : ag — b.

V nasom pripade zakladné pojmy klasickej téorie pravdepodobnosti su refiekto-
vané (cez epireflektor) do ich fuzzyfikicie.

Dalsim dolezitym pojmom z teoérie kategorii, ktory sa vyuziva v praci je pojem
kategoridlneho su¢inu dvoch objektov. Objekt A spolu s dvomi morfizmami (na-
zyvanymi projekcie) pr; : A — A;, ¢ = 1,2, sa nazyva suc¢inom dvoch objektov

Aq a A,, ktoré nazyvame faktory, ak pre kazdy objekt B a kazdé dva morfizmy

20



h; : B — A;, 1 = 1,2, existuje prave jeden taky morfizmus h : B — A taky, ze
pr; oh = h;, 1 = 1, 2. SG¢in indexovanej triedy faktorov je definovany analogicky. Ak

stdin existuje, tak je jediny (az na izomorfizmus).

2.3 Praca R. Frica a M. Papca

Moja praca nadvizuje na pracu mojich Skolitelov R. Frica a M. Papca, ktori sa
dlhodobo venuju téme zovSeobecnenej pravdepodobnosti. Pokrac¢ujem spolu s nimi
v usili o budovanie savislej tedrie zovseobecnej pravdepodobnosti. Preberam mnohé
pojmy aj sposob pristupu k problematike. Preto v tejto podkapitole stru¢ne pred-
stavim ich pracu a vysledky, ktoré publikovali najmé v ¢lankoch [10, 18-20, 22—
31, 53, 55, 56, 60)].

V élanku [63] L. Zadeh navrhol nahradit klasicky pravdepodobnostny priestor
(22, A, p) zovseobecnenym pravdepodobnostnym priestorom (2, M(A), [(.)dp), kde
M(A) je mnozina vSetkych meratelnych funkcif z A do [0,1] a [(.)dp je pravde-
podobnostny integral vzhladom k miere p. V tomto priestore st klasické nahodné
udalosti, reprezentované indikdtorovymi funkciami mnozin zo o-pola A, rozsirené
na fuzzy nahodné udalosti, reprezentované mnozinou M(A) C [0, 1]¥ vSetkych me-
ratelnych fuzzy mnozin. Pravdepodobnost je rozsirena na pravdedobnostny integral.

Existuje tiez mnoho inych pristupov k problematike, vysledky si rozsiahle, ¢asto
neprehladné, komplikované, niekedy paralelné, ale v inych jazykoch matematiky.
Preto cielom R. Fri¢a a M. Papc¢a bolo pomocou teorie kategorii vybudovat stuvisla
teoriu, ktora sa bude na jednotlivé pristupy pozerat viac zhora.

V ¢lanku [30] sa venuja potrebe ,zlomkov* v teodrii pravdepodobnosti, t.j. po-
trebe akychsi ,¢iasto¢nych udalosti“, teda fuzzy udalosti. Ukazuj, Ze napr. niektoré
transformac¢né tlohy bez fuzzy udalosti nemaji rieSenie.

V ¢élanku [26] navrhli konStrukciu pravdepodobnostnej domény ako vSeobecnej
konstrukcie na opis réoznych modelov ndhodnych udalosti. V predmetnom modeli
nédhodna udalost chapeme ako ,vyrokova funkciu“ w : X — [0,1], definovani
na vysledkoch experimentu, pri¢om u(z) vyjadruje ,pravdivostni hodnotu“ vyroku
u pre vysledok z € X. Pritom na udalostiach je vhodna logicka struktiara (D-poset,
efektova algebra, Lukasiewiczov klan, ...). Z pohladu teorie kategorii je interval [0, 1]
(vybaveny prislusnou logickou struktirou) kogeneratorom a udalosti st vnorené

do kategorialnej mocniny [0, 1]¥.
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Ich pristup k pravdepodobnostnym doménam moézeme zosumarizovat nasledovne

(pozri |26]).
e Nech A je systémom udalosti.

e Nech C' je mnozina so Struktiirou umozhujicou ,meranie”. Na takyto tcel
moze sluzit napriklad dvojhodnotova Booleova algebra {0,1}, jednotkovy in-

terval I = [0, 1] s Lukasiewiczovou MV-algebrou alebo ponaty ako D-poset.

e Nech X je mnozZina ,vlastnosti“ meratelnych pomocou C' tak, Zze X sepa-
ruje A.
e Kazda udalost a € A sa reprezentuje ako ,evaluacia® a do C¥, zobrazujic

a€ Anaayx € C¥, ax = {z(a); x € X} (pozri obr. 1).

e Vytvori sa minimalna ,subalgebra“ D algebry CX, ktord obsahuje

{ax; a € A} (pozri obr. 2).

e Podalgebra D algebry C¥ predstavuje pravdepodobnostnii doménu D C C*,

ktora mé uzitocné kategoridlne vlastnosti.

u (udalost) — ux (evaluacia u) C (kogenerator)

x € X (vlastnosti)

Obr. 1
(udalosti) U (‘L ——————— » CX (algebra)
\\C;L\\Q/([‘
\fc;,é
RS
D (podalgebra)
Obr. 2
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Polia mnozin, ID-posety a bold algebry su typickymi prikladmi pravdepodob-
nostnych domén, ktorych konstrukcia bola opisana vyssie (viac pozri v [52[, |53],
[54]. Netradi¢né kogeneratory poskytni netradi¢né modely teorie pravdepodobnosti
([55])-

V koncepte tedrie zovseobecnenej pravdepodobnosti R. Fri¢a a M. Papca hra ako
Struktira kI'acova ulohu D-poset. D-posety zaviedli F. Kopka a F. Chovanec v [41],
aby modelovali udalosti v kvantovej teérii pravdepodobnosti. ZovSeobeciuju Boole-
ove algebry, MV-algebry a iné pravdepodobnostné domény a poskytuji kategoriu,

v ktorej sa pozorovatelné a stavy stani morfizmami ([10], [59]).

Definicia 16. D-poset je Ciasto¢ne usporiadanid mnozina X s najvacsim prvkom
1x, najmensim prvkom Oy, a ¢iasto¢nou operaciou rozdiel tak, ze rozdiel a © b je

definovany prave vtedy, ked b < a, a sticasne plati:
(D1) a©0x = a pre kazdé a € X
(D2) Akc<b<a,takacb<aSca(acc)e(acb)=bSc.

R. Fri¢ a M. Papc¢o navrhli vybudovat zovseobecnenu teériu pravdepodobnosti po-

mocou §pecidlneho typu D-posetov, a to D-posetov fuzzy mnozin (|21], [53]).

Definicia 17. Systém X C IX, ktory obsahuje maximalny prvok 1x a minimalny
prvok Ox, s bodovo definovanym ¢iastoénym usporiadanim a s bodovo definovanou
¢iastocnou operaciou rozdielu u©v =u—v pre u, v € X, v < u, sa nazyva D-poset

fuzzy mnoZin.

Predpoklada sa, ze kazdy D-poset fuzzy mnozin X je redukovany, t.j., ak
z,y € X, x #y, tak existuje u € X tak, ze u(x) # u(y).

Dolezity pojem, ktori vyuzivaji je aj D-homomorfizmus.

Definicia 18. Nech X a ) st D-posety a nech f je zobrazenie X do Y, ktoré za-
chovava ¢iasto¢né usporiadanie, maximalne a minimalne prvky a ¢iasto¢ni operaciu

rozdielu. Potom f sa nazyva D-homomorfizmus.

Redukované D-posety fuzzy podmnozin univerza ako objekty a sekvencne spojité
D-homomorfizmy ako morfizmy tvoria kategériu, ktort R. Fri¢ a M. Papco oznacuji

ID. Objekty kategorie ID sti podobjektmi mocniny IX.
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V dalsom texte budem pracovat s pojmom bold algebra. Je to algebra fuzzy
podmnozin, obsahujica maximalny prvok, uzavreti na fuzzy doplnok a uzavreta na
Fukasiewiczov stcet u@®v = min{u+v, 1}. Intuitivne, je to vlastne ID-poset, ktory
je uzavrety na Lukasiewiczov sucet. Kazda bold algebra X C [0,1]% je zviizom,
kde pre u,v € X mame (uV v)(zx) = u(z) Vo(z) a (uAv)(x) = u(z) A v(x),
r € X. Ak je bold algebra X C [0, 1]* vzhTadom na bodovi sekven¢nt konvergenciu
sekvencne uzavreta v [0, 1]%, potom X je Lukasiewiczov klan. Potom X je uzatvorené
aj na spocitatelné FLukasiawiczove sumy (pozri [19]). Nech X C [0,1]% je bold
algebra. Potom najmengia sekven¢ne uzatvorena podmnoZina [0, 1% obsahujiica X
je Lukasiewiczov klan. Je to prienik vSetkych Fukasiewiczovych klanov ) takych,
7e X CYCl0,1]%.

V ¢lanku [30] autori sumarizuji nasledovné POZOROVANIA:

1. ID-posety poskytuji minimalny model ndhodnych udalosti: istii a nemoznu
udalost, komplement. Dalej, bold algebry modeluja disjunkciu a konjukciu, pricom
Lukasiewiczove klany modeluji uzatvorenost vzhladom na limity (stochastika je
o limitnych vlastnostiach).

2. Vyznamnou vlastnostou Lukasiewiczovych klanov je, ze umoznuji modelovat
,deliteInost“ nahodnych udalosti. Ak u € X, tak pre kazdé prirodzené ¢islo n plati
u/n € X a dalej, vzhladom na sekvenént uzavretost X, aj pre kazdé ¢ € [0, 1]
plati cu/ € X. Nech X C [0,1] ¥ je Lukasiewiczov klan. Potom existuje jediné
o-pole A podmnozin X také, ze (identifikujic mnoziny a ich indikatorové funkcie)
A CX CM(A), kde M(A) je mnozina vietkych A-meratelnych funkeii do [0,1].
Dalej, ak X obsahuje zlomky, potom X = M(A). Takze delitelnost“ nahod-
nych udalosti mé za nésledok prechod od ostrych meratelnych ndhodnych udalosti
ku v8etkym meratelnym fuzzy ndhodnym udalostiam.

3. Podstatou kategorialneho pristupu k pravdepodobnosti je, aby pouzivané zo-
brazenia boli vyjadrené ako morfizmy. To sa podarilo vhodnou volbou objektov
a morfizmov. Objektami su Lukasiewiczove klany tvaru M(A) a morfizmy st sek-
ven¢ne spojité D-homomorfizmy.

4. L. Zadeh navrhol rozsirit pravdepodobnostnii mieru na pravdepodobnostny
integral (integral vzhladom k pravdepodobnostnej miere). Je to zobrazenie M(A)
do [0,1], ktoré sa stane morfizmom ak |0,1] chapeme ako M(T), pricom T je o-pole

podmnozin jednobodovej mnoziny. Naviac, sekven¢ne spojité D-homomorfizmy do
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M(T) st prave pravdepodobnostné integraly.

5. Klasickti ndhodnu premennt zovSeobecnili na meratelné zobrazenie, pri¢om
jej dudl, vzorové zobrazenie, je sekvenc¢ne spojity booleovsky homomorfizmus na
ndhodnych udalostiach, a teda D-homomorfizmus. Takéto morfizmy nazvali pozo-
rovatelnymi a v kategoridlnej teorii pravdepodobnosti maji centralnu tlohu. Po-
zorovatelnym a ich dudlnym zobrazeniam (nazyvaju sa Statistické zobrazenia) sa
budeme venovat v dalSej casti dizertacie. Poznamenajme, 7e pojem pozorovatelna
sa v klasickej teorii pravdepodobnosti nepouziva (pozri [38], [46]).

6. Prechod od klasicktho pravdepodobnostného priestoru (€, A p) ku
(2, M(A), [(.)dp) autori prace [30] chapu ako minimalne zovSeobecnenie klasic-

kej tedrie pravdepodobnosti na tedriu v ramci tedrie kategorii.

3 Pravdepodobnostny integral

Jednym z cielov mojej dizertacnej prace je ukazat, preco je Zadehov pravdepo-
dobnostny integral vhodnym a prirodzenym rozSirenim pravdepodobnostnej miery.
Tento ciel bol dosiahnuty v mojom ¢lanku Probability integral as a linearization
(pozri [2]), ktory sa zaobera pravdepodobnostnou mierou a pravdepodobnostnym
integralom ponatym ako aditivna linearizacia ndhodnych udalosti. V tejto kapi-
tole priblizim dolezité vysledky, ktoré boli publikované v menovanom c¢lanku. Kopia
¢lanku je uvedena na konci prace ako jedna z priloh.

V teorii zovSeobecnenej pravdepodobnosti pracujeme so zovSeobecnenymi na-
hodnymi udalosti M(A), t.j. mnozinou vSetkych meratelnych funkcii do intervalu
[0,1], tak ako to navrhol L. Zadeh. V ¢lanku hTadame odpoved na otazku, preco je
vhodné definovat pravdepodobnost takych udalosti ako [(.)dp, t.]. pravdepodob-
nostny integral vzhladom k miere p. Toto modelovanie navrhol L. Zadeh, ale, ako
upozornil M. Navara, nezdovodnil preco prave takto.

Napriek tomu bol tento navrh prijaty a zovseobecneny a viaceri autori na jeho za-
klade dosiahli zaujimavé vysledky v teorii kvantovych struktar. Okrem modelovania
kvantovych fenoménov pomocou Hilbertovych priestorov, rozvinula sa aj algebrickd
teoria kvantovych struktar (napr. [14], [18], [48], [51], [58], [59], [60]). Ukazalo sa,
ze fuzzy mnoziny umoziuji modelovat niektoré kvantové fenomény. Viaceri autori

hladali vhodné zovSeobecnenia Booleovej algebry, ktoré by modelovali vlastnosti
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neklasickych ndhodnych udalosti. V literattre je vela algebrickych Struktar (napr.
MV-algebry, efektové algebry, D-posety, kvantové logiky), ktoré modeluju pravde-
podobnostné deje a javy kvantového i fuzzy charakteru. Pre moju pracu je najdole-
zitejsie spomentt D-posety, ktoré zaviedli F. Kopka a F. Chovanec v ¢lanku [41] a aj
spolu s inymi autormi dosiahli vyznamné vysledky pri ich dalsom skimani (pozri
9, [11], [23], [40)).

7 hladiska metodického pristupu dizerta¢na praca aj moj ¢lanok vychadzaju
zo skiisenosti predchodcov v tejto oblasti bddania. Oni modeluji zovSeobecnené né-
hodné udalosti pomocou Struktiry D-posetov fuzzy mnozin, ale tu bude kltucova
struktura A-posetov, ktort zaviedol V. Skiivanek (pozri [60]). V préaci buda refor-
mulované vysledky dosiahnuté R. Fricom a M. Papcom v jazyku D-posetov do ja-
zyka A-posetov a takisto nové tvrdenia buda formulované uz v jazyku A-posetov.
V ¢lanku |60] mozno néjst zavedenie A-posetov ako aj zdklady tedrie zovSeobec-
nenej pravdepodobnosti v jazyku A-posetov, na ktorych ja vo svojej praci staviam
a nadvézujem a budujem tuto teoriu dalej.

Prepis pojmov, viet a konstrukeii vybudovanych R. Fricom a M. Papc¢om do ja-
zyka A-posetov je pomerne elementarny, ale st aj situacie, v ktorych je pouzitie
A-posetov uzitoCné a transparentnejsie.

V praci budi opisané, vysvetlené a dokdzané nasledujice tézy.

Existuje minimalna kategoria EILLIA, v ktorej mozno popisat prechod od tedrie

klasickej ku zovseobecnenej pravdepodobnosti.

e Klasicky pravdepodobnostny priestor (£2, A, p) a fuzzy pravdepodobny pries-
tor (Q, M(A), [(.)dp) si modelmi tedrie pravdepodobnosti, ktorych zakladné

pojmy je mozné definovat vo vnutri kategorie EILIA.

e V tejto kategorii si o-algebry udalosti A a meratelné fuzzy udalosti M(A)
objektmi.

e Pravdepodobnostné miery a zovieobecnené pravdepodobnostné miery (prav-

depodobnostné integraly) st morfizmami.

e Pravdepodobnostnd miera aj pravdepodobnostny integral su ,linearizacie®
nédhodnych udalosti charakterizované fundamentalnou vlastnostou pravdepo-

dobnosti — aditivitou, pricom ,linearizacia“ poméaha robit rozhodnutia.
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A a M(A) majui inicialnu Struktaru vzhladom na pravdepodobnostné miery

a pravdepodobnostné integraly.

(Q, M(A), [(.)dp) je minimdlnym kategorialnym rozsirenim (€2, A, p), pricom

rozsirenie je charakterizované ako kategorialna epireflexia.

e Pomocou epireflexie kazdému zakladnému pojmu z klasickej teoérie pravdepo-
dobnosti koresponduje jeho fuzzyfikovany pojem v epireflektivnej podkategorii

FELIA.

o V kategorii FELIA je mozné definovat kanonickym sposobom asymetrickid
stochastickt zéavislost a nezavislost a podmienent pravdepodobnost, ktorej
Specidlnym pripadom je klasickd stochasticka zavislost a nezavislost a pod-

mienend pravdepodobnost.

3.1 Linearizacia ndhodnych udalosti

Pravdepodobnost je vlastne kvantifikicia ndhodnych udalosti ¢islami z intervalu
[0,1]. Takato kvantifikicia buducich udalosti indukuje linearne predusporiadanie
na udalostiach, ¢o pomaha rozhodovat sa. Pravdepodobnostnii mieru teda mozno
chapat ako prostriedok linearizacie systému nahodnych udalosti. Pravdepodobnostna
miera je aditivna a sekven¢ne spojita. Pravdepodobnostny integral [(.)dp charak-
terizujeme ako prirodzené rozsirenie pravdepodobnosti chdpanej ako linearizacia.

V ¢lanku je dokdzané, ze Zadehov model je prirodzenym rozsirenim pravdepob-
nosti chapanej ako linearizécia, pricom zo vSetkych moznych linearizdcii nahod-
nych udalosti, pravdepodobnostné integraly st prave aditivne linearizacie (pozri
dosledok 1).

Lebesgueova veta o dominovanej konvergencii implikuje, ze kazdy pravdepodob-
nostny integral [(.)dp na M(A) (teda aj kazda pravdepodobnostnd miera p na A) je
sekvenc¢ne spojity. Teda o-aditivita normalizovanej aditivnej miery je ekvivalentné

sekvencnej spojitosti. Z toho dévodu pracujeme so sekvencne spojitou linearizaciou:

Definicia 19. Nech L : M(A) — [0,1] je sekvencne spojité zobrazenie, ktoré
zachovava usporiadanie, najvicsi a najmensi prvok. Potom sa L nazyva linerizdciou
M(A). Ak pre Vu,v € M(A),u(w)+v(w) < 1,w € Q, plati L(u+v) = L(u)+ L(v),

tak L sa nazyva aditivnou linearizdciou M(A).
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3.2 A-posety

Fuzzyfikovana tedria pravdepodobnosti podla R. Fri¢a a M. Papca, ako bola opisana
v podkapitole 2.3, je zaloZzena na kategorii ID-posetov — pouziva jazyk ¢iasto¢ného
usporiadania a rozdielu, ale fuzzy udalosti si modelované bold algebrami a tukasie-
wiczovskymi operaciami (zovSeobecnenia booleovskej disjunkcie, negacie a konjuk-
cie). Z historického a logického hladiska je teda lepsie vyuzivat operaciu ¢iastoéného
sictu a nie rozdielu. Hoci parcidlna diferencia na aditivitu staci, na prechod ku logic-
kym spojkam bolo potrebné ,pocitat“. Vhodna je operacia, ktora priamo modeluje
zovieobecnenu disjunktni disjunkciu G. Boola (|4]). Ako prostriedok na rieSenie

uvedenych problémov zaviedol V. Skiivanek v [60] pojem A-posetu:

Definicia 20. A-poset je systém (S, <,0,1,®) obsahujtci ¢iasto¢ne usporiadant
mnozinu S s najva¢sim prvkom 1 a najmensim prvkom 0 a ¢iastoént binarnu ope-

raciu @, pre ktoru plati:
(A1) Ak a @b je definované, tak je definované b @ a, pricom a ® b =b @ a;

(A3) Ak (a ® b) @ ¢ je definované, tak je definované a @ (b @ c¢), pricom
(a®b)dc=ad® (bDc);

(A3) Pre kazdé a € S existuje prave jedno a¢ € S tak, ze a @ a® = 1;

(Ag) Ak a @ b je definované, a; < a a by < b, tak je definované a; @ by, pricom
a; D bl <a® b.

Vsimnime si, ze a ® 0 = a a (Ay4) je ekvivalentné tvrdeniu: a & b je definované
prave vtedy a len vtedy, ked a < b°.

Ako je zvykom, (S,<,0,1,®) bude dalej oznac¢ované len ako S.

Ide o kvantovia Struktiru, ktoré je izomorfna s D-posetom a efektovou algebrou.
A-poset bol po zavedeni jeho autorom nasledne vyuzity na budovanie jednej z teorii
zovSeobecnenej pravdepodobnosti. Prave z jeho vysledkov ako vychodiska ¢erpa aj

moja praca.

Definicia 21. Nech S; a S, st A-posety. Zobrazenie h : S; — S nazyva
A-homomorfizmom vtedy, ked zachovéava ¢iastoéné usporiadanie, konstanty 0 a 1

a operaciu .
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Priklad 1. Nech A je pole podmnozin €. Potom A moze byt povazované za A-poset,

pretoze:
i je Clasto¢ne usporiadané prostrednictvom klasickej inkluzie mnozin;
. A . v t v . d ’ t d z t kl . k . . kl/ . v 7
(i) 0 a Q je najmensim, resp. najvacsim prvkom;
111 re A € ernujme = ;
iii) Pre A € A definujme A¢ = Q\ A;
(iv) Pre A, B € A definujme A® B =a U B prave ak AN B = 0.

Poziadavky (A1) — (A4) st zjavne splnené.

Priklad 2. Nech X C [0,1]® je systém funkcii z Q do [0,1] taky, Ze konstantné
funkcie Oq, 1 patria do X aak u e X, tak 1o —u e X, ak u,v € X av < 1g — u,
tak u +v e X.

(i) Pre u € X definujme u® = 1o — u;
(ii) Pre u,v € X,v < 1g — u, definujme u & v = u + v.

Potom X spolu s bodovym ¢iastoénym usporiadanim je A-posetom.

Nech A je o-pole podmnozin Q. Ozna¢me s(A) jednoduché funkcie v.M(A),
t.j. funkcie v tvare > " | cixa,, kde ¢; € [0,1], Ay, Ag, ..., A, je rozklad Q a n je
prirodzené ¢islo. Potom s(A) a M(A) (teda tiez [0, 1] vnimané ako M(T)) mozu
byt povazované za A-posety. Ozna¢me e; vnorenie A do s(A) a oznacme ey vnorenie

s(A) do M(A). Zjavne, ey, eq, a ich zloZenie ey o e; st A-homomorfizmy.

V dalom je zloZenie ey 0 e oznacované ako id. Je jasné, ze A-homomorfizmy e,
ez a zlozenie id = ey 0 e1 st sekvenéne spojité vzhladom na bodovi konvergenciu

funkeii.

Lema 1. Nech A a B su polia podmnozin ), resp. =. a nech h je A-homomorfizmus

B do A. Potom h je booleovsksj homomorfizmus.

Dékaz. Zjavne, h(Z) = Q a h(0) = 0. Nech By, By € B, B; N By = (). Potom
h(B1UBy) = h(B1®Bs) = h(By)®h(By) = h(B1)Uh(Bs) a h(B1)Nh(Bs) = 0. Preto
pre B € B plati i(BU(E\ B)) = Q = h(B)Uh(Z\ B), odkial h(B)Nh(Z\ B) = 0
a teda h(B¢) = h(B)¢. Nech By, By € B. Potom mnozina B; U By je zjednotenim
troch disjunktnych mnozin By \ By, B1 N By a By \ By. f)alej h(B1) je disjunktnym
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zjednotenim mnozin h(By) \ h(By N By) a h(B; N By). Tiez h(Bs) je disjunktnym
zjednotenim h(Bz) \ h(B; N By) a h(B; N By). Teda h zachovava zjednotenie dvoch
mnozin. Z De Morganovych pravidiel vyplyva, ze h zachovava tiez prienik dvoch

mnozin. Cize h je booleovsky homomorfizmus. O]

Nech A oznacuje kategoriu, ktorej objektmi st A-posety a morfizmami si

A-homomorfizmy.
Lema 2. Kategoria A md siuciny.

Dékaz. Nech A; a Ay st A-posety. Nech A je mnozina vSetkych usporiadanych
dvojic (a1,as2), a; € A;, i = 1,2. Definujme projekcie pr; : A — A;, i = 1,2,
zvyCajnym sposobom: pri(aj,as) = a; a pry(ag,as) = ag. Definujme Struktiru
A-posetu A bodovo. Je zjavné, Ze A spolu s projekciami pr;,i = 1, 2, je kategoridlny
sicin Ay a A,. SG¢in indexovanej mnoziny A-posetov sa da konstruovat analogicky.

]

3.3 Algebrické vlastnosti nAhodnych udalosti

Ambiciou tejto podkapitoly je priblizit, z akého hladiska a pre¢o si prave mnoziny
vietkych meratelnych funkcii M(A) vnimané ako A-posety vhodnym rozsirenim
poli mnozin A. Na pretrase budu algebrické a logické dovody.

Algebrické dovody — vlastnosti systému udalosti:

Nech A je o-pole podmnozin . Potom je M(A) najmensia zo vsetkych pod-
mnozin X C [0,1]% obsahujiica A (indikétorové funkcie mnoZin v A) a uzavretd
na doplnky (ak v € X, tak (1o —u) € X), bodové supréma a infima, bodové
sekven¢né limity a delitelna ((1/n)q € X',;n € N*).

Logické doévody:

Booleova logika mo6ze byt rozsirena na fuzzy udalosti viacerymi sposobmi, §pe-
cidlne mozeme pouzit Lukasiewiczovu logiku. D. Mundici piSe v [49], Ze zo v8etkych
spojitych t-noriem, Lukasiewiczova konjukcia je jediné rozsirenie Booleovej logiky
so spojitou implikaciou.

Nech T = {0, Q} je trividlne pole mnozin. Potom M(T) = [0, 1]. Teda defini¢ny
obor M(A) a obor hodnét pravdepodobnostného integralu si tej istej matematicke;j

podstaty.
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V [60] R. Fri¢ a V. Skiivanek zaviedli fuzzyfikovant pravdepodobnost na
[A-posetoch funkcii. Vysledné zovseobecnené nahodné udalosti tvoria pravdepo-
dobnostntt doménu (napr. [26], [27], [28]) kogenerovanu uzatvorenym jednotkovym
intervalom I = [0, 1], povazovanym za A-poset. Takéto pravdepodobnostné domény
st analogické ID-posetom (napr. [52], [53], [26]), ale narozdiel od ¢iasto¢nej operacie
rozdielu © v ID-posetoch X C I¥, &asto¢na operacia siuc¢tu & ma zjavni logicka

interpretaciu: ,,disjunkcia disjunktnych fuzzy udalosti“.

Definicia 22. A-poset funkcii, ktorych hodnoty st z intervalu [0, 1], sa nazyva

TA-poset.

Definicia 23. Sekvenéne spojity A-homomorfizmus z [A-posetu X' C [0, 1]X do
0, 1] sa nazyva stav. Sekven¢ne spojity A-homomorfizmus z IA-posetu X C |0, 1]X

do TA-posetu Y C |0, 1]Y sa nazyva pozorovatelnd.

Definicia 24. Fukasiewiczov klan je systém X C [0, 1] uzavrety na bodové sek-
ven¢né limity, obsahujuci kongtantné funkcie Oq, 1 a uzavrety na zvycajné fuka-
siewiczove operacie disjunkcie, konjukcie, negacie, ktoré definujeme bodovo, t.j. pre

u,v € X aw € Q plati
o (uBv)(w) = uw) & v(w) = min{l, u(w) +v(w)}:
o (1O (W) = uw) ©v(w) = max{0, u(w) + v(w) - 1}
o u(w) =1—uw).

Kazdé o-pole A a koreSpondujice meratelné funkcie M(A) su kdnonické pri-
klady Lukasiewiczovych klanov.

Ako bolo poznamenané v [30], delitelnost M(A) je podstatnou ¢értou fuzzyfiko-
vanej teorie pravdepodobnosti.

Nech X C [0, 1] je Lukasiewiczov klan. Potom existuje prave jedno o-pole A y
podmnozin Q také, 7e Ay C X C M(Ay). Dalej, X = M(Ay) prave, ak X
obsahuje vSetky konstantné funkcie rq, r € [0,1] (podla [8], [59]).

Lukasiewiczove klany v tvare M(A) nazyvame plné. Dva Lukasiewicove klany
X C[0,1]% a Y C[0,1] definujeme ako ekvivalentné, ked plati Ay = Ay.

Zjavne, Ay a M(Ay) st ekvivalentné. Dalej, Ay a M(Ay) st extremalne,

A x je najmensi prvok a M(Ay) je najvacsi prvok v prislusnej triede ekvivalencie.
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Ak stotoznime mnozinu A C  a jej indikatorovi funkciu x4 € {0, 1} (ya(w) = 1
pre w € A a xa(w) = 0 pre w € A°), tak x4 povazujeme za vyrokovi funkciu ,w
patri do A“.

Poznamenajme, ze G. Boole pouzival ,disjunktné zjednotenie®, nezaviedol Bo-
oleovu algebru, to bolo urobené neskor (pozri [4]), teda A-posety fuzzy mnoZin si
prirodzenou fuzzyfikaciou pévodnej Booleovej myslienky.

Vlastnosti IA-posetov ndm umoziuji kategoridlne zovseobecnenie Kolmogorovej
tedrie pravdepodobnosti.

Ozna¢me ITA kategoriu, v ktorej objektmi st [A-posety a morfizmami st sek-
vencne spojité A-homomorfizmy.

Aby sme formalizovali prechod od A do M(A) v jazyku teorie kategorii, zave-

dieme este nasledujtice podkategorie kategorie TA:

e LLTA, v ktorej objektmi st Lukasiewiczove klany,

e ELIA, v ktorej objektmi st extremélne Lukasiewiczove klany (najmensie a naj-

vicsie prvky v triedach ekvivalencii),

e FELIA, v ktorej objektmi su plné Lukasiewiczove klany.

Pri takto definovanych podkategoriach platia dolezité tvrdenia:

e Zakladné pojmy klasickej teorie pravdepodobnosti ako nahodné udalosti a bo-
oleovské logické operacie, ndhodné premenné, pozorovatelné a pravdepodob-

nostné miery, mozu byt definované vo vnutri ELIA.

Skrze epireflexiu kazdému klasickému pojmu prislicha jeho fuzzyfikovani po-

jem vo vnutri FELIA.

Vsetky stochastické zobrazenia st vo vnuatri FELIA morfizmami.

Zakladné konstrukcie v teoérii pravdepodobnosti st kategoriédlne.
e M(A) ma inicidlnu $truktiaru A-posetu vzhladom na stavy.

Nasledujtca lema je ,categorical bookkeeping®.
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Lema 3. Nech pre kazdé t z indexovanej mnoziny T je X; A-posetom. Nech X je
sucinom X, t € T.

(i) Nech kazdé X; je objektom LLIA. Potom X je objektom LIA;

(1i) Nech kazdé X, je objektom FELIA. Potom X je objektom FELIA.

Dokaz. (i) Kazdé X, je Lukasiewiczovym klanom obsahujicim funkcie z mnoziny
0 do [0,1], t € T. Nech 2 je disjunktnym zjednotenim tychto mnozin. Potom kazdé
u € X je reprezentované ako funkcia z Q do [0,1] ,,disjunktne zlepena* z funkcii X},

t €T, a X ma bodovo Struktiru A-posetu. éiie, X je objektom ILIA.
(ii) vyplyva z (i). O

3.4 Epireflexia

V [23] bolo dokazané, Ze kategoria plnych Lukasiewiczovych klanov je epireflektiv-
nou podkategoriou kategorie bold algebier a sekvenéne spojitych D-homomorfizmov.
Toto velmi v8eobecné tvrdenie bolo zloZitym sposobom dokdzané pomocou tech-
nik abstraktnej analyzy (pozri [27]). Prechod od (22, A,p) ku (2, M(A), [(.)dp)
v pojmoch kategoridlnej epireflexie je dosledkom tohto vSeobecného tvrdenia. Na-
sim d'al$im ciefom je podat v jazyku A-posetov priamociary dokaz toho, ze FELLIA

je epireflektivnou podkategoriou kategorie ELITA.

Lema 4. Nech A je o-pole podmnozin S0, nech p : A — [0, 1] je pravdepodobnostnd
miera a nech p = [(.)dp je prislusny pravdepodobnostny integrdl na M(A). Potom
(i) D je sekvenéne spojity A-homomorfizmus z M(A) do M(T);
(ii) p je sekvencne spojity A-homomorfizmus z A do M(T).

Dékaz. (i) S intervalom [0, 1] méZeme pracovat ako s M(T). Na zaklade Lebesgu-
eovej vety o dominantnej konvergencii p je sekven¢ne spojity A-homomorfizmus
7z M(A) do M(T). Pretoze kazdy pravdepodobnostny integral, ako zobrazenie
M(A) do M(T) zachovavava usporiadanie, konStanty a operaciu ,sactu®, ide
o A-homomorfizmus. Plati teda tvrdenie (i).

(ii) Ked7Ze p je zuzenie p na A-poset A, (ii) vyplyva z (i). O
Predchadzajtce tvrdenie znazornuje diagram na obr. 3.

Lema 5. Nech A je o-pole podmnoZin € a nech h je sekvencéne spojity

A-homomorfizmus z A do M(T). Potom h je pravdepodobnostnd miera.
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Dékaz. Nech je h zobrazenie z A do [0,1]. Zrejme h(D) = 0, h(Q) = 1
a h(AU B) = h(A) + h(B) vzdy, ked AN B = (). Zo sekven¢nej spojitosti h

vyplyva, ze h je o-aditivne a teda je to pravdepodobnostna miera na A. O]

Dolezitym zaverom je to, ze pravdepodobnostné miery st prave sekvenc¢ne spojité

A-homomorfizmy zo o-poli mnozin do M(T).

A h=p » M(T) = [0, 1]

Obr. 3

Lema 6. Nech A je pole podmnoZin € a nech B je pole podmnoZin =.

(i) Nech g a h si sekvencne spojité A-homomorfizmy z s(A) do M(B). Ak
g(A) = h(A) pre vsetky A € A, potom g = h.

(ii) Nech g a h si sekvencne spojité A-homomorfizmy z M(A) do M(B). Ak
g(A) = f(A) pre vietky A € A, potom g = h.

(iii) Sekvencne spojity A-homomorfizmus id : A — M(A) je epimorfizmus.

Dékaz. (i) Nech [ je prirodzené ¢islo. Potom pre kazdé prirodzené &islo kb < I,
a kazdé A € A je g((k/l)xa) = (k/D)g(xa) = (k/Dh(xa) = h((k/)xa). Zrejme h
a g st zhodné na v8etkych Y7 ¢;ixa, € s(A), kde ¢;,i = 1,2,...,n, s racionalne
¢isla z [0,1]. Zo sekvencnej spojitosti h a g vyplyva, Ze g = h.

(ii) Z (i) vyplyva, ze g a h sa zhoduji na s(A). Tvrdenie vyplyva z toho, ze
kazda u € M(A) je limitou postupnosti {u, }5°,, kde u, € s(A) a g(u,) = h(uy).
g a h st sekven¢ne spojité a teda g(u) = lim,, o g(uy,) = lim,, o A(u,) = h(u).

(iii) Nech g a h st také sekvenéne spojité A-homomorfizmy z M(A) do M(B),
ze g(A) = f(A) pre vsetky A € A. Potom goid = hoid. Je potrebné overit, ze
g = h. To ale vyplyva z (ii). O

Lema 7. Nech A je o-pole podmnoZin € a nech h je sekvencéne spojity
A-homomorfizmus z A do M(T). Potom existuje prive jeden sekvencne spojity

A-homomorfizmus hs z s(A) do M(T) rozsirugici h na s(A).
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Dokaz. Podla lemy 5, h je pravdepodobnostna miera na A. Nech h = J(.)dh ozna-
¢uje korespondujtci pravdepodobnostny integral na M(A) a oznaéme h, ztZenie h
na s(A). Z lemy 4 vyplyva, 7e h je sekvenéne spojity A-homomorfizmus z M(A)
do M(T) a teda hy je sekven¢ne spojity A-homomorfizmus z s(A) do M(T), ktory

je rozsirenim h. Podl'a lemy 6 je hy jednoznacne urc¢ené. O]

Lema 8. Nech A je o-pole podmnozZin ) a nech hy je sekvencne spojity
A-homomorfizmus z s(A) into M(T). Potom existuje jeding sekvenéne spojity
A-homomorfizmus h,, z M(A) do M(T) rozsirujici hs na M(A).

Doékaz. 7 lemy 7 vyplyva, 7e existuje jedind pravdepodobnostna miera h na A taka,
Ze hs je zazenim pravdepodobnostného integralu [(.)dh z M(A) na s(A). Stad
polozit h,, = [(.)dh. Podla lemy 6 je h,, jednozna¢ne urceny. O]

Nasledujtca veta hovori o rozsirovani pravdepodobnostnej miery a znazoriuje

ju komutativny diagram na obr. 4.

Veta 2. Nech A je o-pole podmnozZin €2 a nech h je sekvencne spojity
A-homomorfizmus z A do M(T). Potom ezxistuje prive jeden sekvencne spojity

A-homomorfizmus hp, z M(A) do M(T), ktory rozSiruje h na M(A).

A h > M(T) = [0,1]

Obr. 4

Doékaz. 7 predchadzajucich lem vyplyva, Ze h je pravdepodobnostna miera na A
a hy, je pravdepodobnostnym integralom i = [(.)dh na M(A), ktory je jednoznaéne

urceny. L]

Désledok 1. Nech A je o-pole mnoZin a nech L je zobrazenie z M(A) do [0, 1].
Potom si tieto turdenia ekvivalentné:
(i) L je aditivna linearizdcia.

(i) Existuje prave jedna takd pravdepodobnostnd miera p na A, Ze L = [(.)dp.
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A—" s MB) —— [0,1F —= [0,1]

A Pg=pr¢ oeoh ’g [O’ 1]
Y /’///,
id - _ E"E
M(A) Vees
Obr. 5

Veta 3. Nech A je pole podmnoZin 2 a nech B je pole podmnoZin =. Nech h je
sekvencne spojity A-homomorfizmus z A do M(B). Potom existuje prdve jeden
sekvencne spojity A-homomorfizmus h,, z M(A) do M(B), ktory rozsiruje h na
M(A).

Dékaz. Nech [0,1]% je kategoridlnou mocninou [0,1] = M(T), nech pr,§ € Z, je
projekciou [0, 1] do &-tého faktora, nech e je vnorenie M(B) do [0, 1]* a nech id je
vnorenie A do M(A). Potom zloZenie p; = pre oe o h je pravdepodobnostnou mie-
rou na A a podla vety 2 p, moZe byt jednoznacne rozsirend na sekvencne spojity
A-homomorfizmus pg na M(A), pozri obr. 5. Kedze [0, 1] je kategoridlnou mocni-
nou [0,1], existuje jediny sekvenc¢ne spojity A-homomorfizmus hz z M(A) do [0, 1]F
taky, ze pre kazdé £ € = diagram na obr. 6 komutuje. Teraz staci dokazat, ze pre
kazdé u € M(A) plati h=z(u) € M(B). To poskytne 7iadané jednoznacné rozsirenie
Ry = M(A) — M(B), pozri obr. 7.

Nech A € A. Pre vietky { € = plati pe(xa) = pre(h(xa)) = pre(h=(xa))
(pozri obr. 5), a preto h(xa) = h=(xa). Takze h,,(xa) = h(xa) a hy,, je sek-
ven¢ne spojity A-homomorfizmus z M(A) do [0,1]% taky, Ze h,(xa) € M(B).
Nech v = > ¢ixa, € s(A), kde vSetky ¢; su racionalne ¢isla z [0,1]. Potom
h(uw) = >0 cih(xa,) € M(B) a teda hy,,(u) € M(B) pre vietky u € M(A).

7 lemy 6 vyplyva, ze h,, je jednoznacne urceny. O
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M(A) hin(.) = h=(.)

Dosledok 2. Nech A je pole podmnozin 2 a nech B je pole podmnoZin =. Nech h
je sekvencne spojity A-homomorfizmus z A do B. Potom existuje jediny sekvencne
spojity A-homomorfizmus hy, z M(A) do M(B) taky, Ze h(A) = h,,(A) pre vsetky
AeA.

Vsetky tvrdenia vedu ku kltic¢ovému tvrdeniu o epireflektivnej podkategorii,
ktord je dolezitym pojmom v teodrii kategorii (pozri [1]): Podkategoria B katego-
rie A je epireflektivna v A, ak kazdy objekt a z A mdze byt ,,pekne vnoreny“ do
nejakého objektu ap z B (jednoznacne urceny az na izomorfizmus) a kazdy mor-
fizmus h : a — b, kde b je objekt z B, moze byt jednoznacne rozsireny na jediny
morfizmus hy : ag — b.

V nasom pripade zakladné pojmy klasickej téorie prevdepodobnosti st refiekto-

vané (cez epireflektor) do ich fuzzyfikacie, pozri obr. 8.
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ELIA

FELIA

Veta 4. FELIA je epirefiektivnou podkategorie kategorie ELIA, kde M(A) je epi-
reflezia A, M(B) je epireflezia B, M(T) je epireflexia T, [(.)dp je epireflexia p
a h,, je epireflexia h.

Dékaz. Podla lemy 6 st vnorenia T — M(T), A — M(A) a B — M(B) epimor-
fizmy. Tvrdenie vyplyva z vety 3. O

V kategori ELIA platia dolezité zavery:
e Pozorovatelné si morfizmy v ELIA. Kazdej pozorovatelnej h : A — M(B)
zodpoveda prave jedna pozorovatelna h,, : M(A) — M(B), ktord rozsi-

ruje h, pricom klasicki pozorovatelnt z A do B moZno povaZovat za pozoro-

vatelni h z A do M(B) (cez vnorenie B — M(B)).

e Pravdepodobnostné miery a pravdepodobnostné integraly st prave pozorova-

telné do M(T).

o M(A) je epireflexou A a M(A) nesie inicidlnu struktaru A-posetu vzhladom

na pravdepodobnostné integraly.

e Pravdepodobnostné integraly st prave aditivne linearizécie ndhodnych uda-

losti.

e Prechod od (2, A,p) ku (2, M(A), [(.)dp) je podporeny kategorialnymi ar-

gumentmi.
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4 Stochasticka zavislost a nezavislost

Jednym z cielov dizertacnej prace bolo Studovat a opisat stochasticki nezavislost
a zavislost a podmieneni pravdepodobnost v teérii zovseobecnenej pravdepodob-
nosti. Velka ¢ast dosiahnutych vysledkov je publikovana v ¢lanku Real functions in
stochastic dependence (pozri [3|), ktorého som spoluautorkou s mojim skolitelom
R. Fricom. Clanok je ako priloha tejto prace. Najskor sa budeme venovat motivécii
a stru¢nému vovedeniu do problematiky c¢lanku. Vyklad vyuziva pojmy a aparat
stredoskolskej matematiky. Potom predstavime konkrétne vysledky z ¢lanku [3],

ktoré vyuzivaju aparat abstraktnej analyzy.

4.1 Motivacia

Ako prvy axiomatizoval tedriu pravdepodobnosti A. N. Kolmogorov, pri¢om vlastne
riesil 6. Hilbertov problém o axiomatizéacii matematickej teorie fyziky. O teorii prav-
depodobnosti sa hovori, Ze ide o oblast teérie miery, ktord je venovana $pecidlnym
ulohdm a ma v nich délezitu ilohu nezavislost. Kolmogorov zacal s kone¢nym prav-
depodobnostnym priestorom (€2, A, p) a pod experimentom rozumel rozklad €2, pri-
¢om udalostou je nejaké zjednotenie prvkov rozkladu. Ak interpretujeme pravde-
podobnost udalosti pomocou jej relativnej pocetnosti, tak vlastne predpokladame
sériu rovnakych experimentov, pricom vysledky predchédzajicich neovplyviuja vy-
sledky nasledujuceho. Nezavislost experimentu E5 na experimente E; chapeme tak,
ze vysledky exprimentu F; nemaji vplyv na vysledky experimentu FEs. Interpreta-
cia pravdepodobnosti udalosti pomocou jej relativnej pocetnosti umoznila formélne
definovat nezavislost takto: udalosti A a B st nezavislé, ak p(A N B) = p(A).p(B).
Ako tomu rozumiet?

Urobime n nezavislych opakovani experimentu a aproximujeme pravdepodob-
nost p(A) udalosti A pomocou jej relativnej pocetnosti n4/n, kde n je pocet opa-
kovani, pri ktorych nastala udalost A. Tato interpretacia p(A) viedla A. N. Kol-
mogorova k axiomam pravdepodobnostnej miery (normovanost, aditivita), definicii

podmienenej pravdepodobnosti a nezavislosti (pre 0 < ng):

nanp/np = (nans/n)/(np/n) ... p(A|B)=p(AnB)/p(B)
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a dalej (pre 0 < p(B))
p(A|B)=p(A) = p(ANB)=p(A).p(B),

¢o viedlo A. N. Kolmogorova ku forméalnej definicii (stochastickej) nezavislosti:

Experimenty Ey, Es, ..., E, st vzijomne nezavislé, ak plati
p(AiN AN .. N Ayp) = p(Ar).p(A2)...p(An),

pre kazda n-ticu udalosti, pricom A; je udalost v Ej;.

Udalosti A a B st nezavislé, ak st experimenty {A, A°} a {B, B¢} nezavislé.

D4 sa dokazat, Ze udalosti A a B su nezavisle prave vtedy, ked
p(AN B) = p(A).p(B).

Takto definovana nezavislost je symetrickd. My sa pytame: Pre¢o?

Zaujimavé je kategorialne pozadie nezavislosti. Pripomenme, Ze kategoridlny si-
¢in dvoch objektov O; a Oy je (ak existuje) najlepsi objekt O; x Os spolu s dvomi
projekciami pry : O; X Oy — Oy a pry : O1 X O3 — Os, pricom cez projekciu pr;
vidime presne povodny objekt O;,i =1, 2.

Ako ilustracia dobre poslazi sposob, akym sa zvycajne modeluje zdruzeng expe-
riment dvoch vzajomne nezavislych experimentov hod kockou K7 a hod kockou K.
Modeluje sa pomocou (kategoridlneho) sucinu. Pritom K7 x Ky a Pk, X Pk, je
zdruzenym modelom tychto dvoch nezévislych experimentov.

S hodom kockou stvisi znamy paradox z histoérie. Zoldnieri si kratili ¢as hrami
s kockami. Tipovali, aky bude stcet bodov, ktoré padnti na dvoch kockéach. (Pozri
obr. 9.) Postupne si v§imli, ze niektoré sucty nastant Castejsie ako iné, teda pri
stavke na urcity sucet maji vac¢siu Sancu vyhrat ako pri inom. Zacali sa zaoberat
tym, aka je pravdepodobnost jednotlivych vysledkov nahodneho pokusu.

Uvazovali takto:

Sucet poctov bodiek padnutych na dvoch kockach je 7, ak nastane 146, 245,
alebo 3-+4;

stucet je 8, ak nastane 2-+6, 345, alebo 4-+4.

PodIa nich by pravdepodobnost st¢tov 7 a 8 mala byt rovnaka, lebo je rovnako
vela priaznivych vysledkov, ale empiricky zistili, Ze predsa nastava castejSie ako 8,
¢o bol pre nich paradox.

Avsak v tomto pripade je potrebné uvazovat nie neusporiadané dvojice, ale uspo-

riadané dvojice, je ich 36 a st rovnako pravdepodobné.
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Obr. 9

Tento priklad vedie ku konstrukcii ndhodnej premennej, ¢o je akoby ,otvaranie
¢iernej skrinky* (vyberoveho priestoru). Nahodna premenné patri ku podstate teorie
pravdepodobnosti  A. N. Kolmogorova. Schématicky moézeme hovorif
o ,stochastickom kanali, ktory otvara ¢iernu skrinku®“. VIavo mame ,stuctové® ele-
mentarne udalosti, kazdej z nich zodpoveda prislusnd mnoZina priaznivych ele-
mentarnych udalosti v ¢ernej skrinke vpravo (vyberovy priestor) a pravdepodob-
nost udalosti vlavo dostaneme ako pravdepodobnost mnoZiny priaznivych udalosti
vpravo. Stochastické informécie prudia ,,zlava doprava o udalostiach® a ,,sprava do-
Tava o pravdepodobnostiach®. Stochasticky kanal a pridenie informécii vedie k ma-
tematickym objektom a morfizmom (jazyk modernej matematiky, teoria kategorii).

Majme dva pravdepodobnostné priestory (2, A,p) a (Z,B,q). Zobrazenie
T : Q@ — = bude ,uzitotné“, ak prenésa stochastické informacie z (2, A, p) do
(Z,B,q); T spolu s jeho vzorovym zobrazenim T vytvara stochasticky kanal.
V klasickej teorii pravdepodobnosti tomu rozumieme takto: ¢(B) = p(T (B)) =
(poT<)(B),B € B,q = poT*, pricom T (B) = {w € Q; T(w) € B} a po-

zadujeme, aby T zobrazovalo B do A, t.j., aby zobrazenie T' : 2 — = bolo
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meratelné.

V klasickom pripade experiment modelujeme pravdepodobnostnym priestorom.
Nech (©2,A,p) a (Z,B,¢q) su pravdepodobnostné priestory a nech 7' : Q@ — = je
meratelné zobrazenie, ktoré zachovava mieru, t.j. ¢ = p o T*. To moézeme chapat
tak, ze vysledky prvého experimentu ovplyviuji vysledky druheho experimentu.
Fuzzyfikacia klasickej tedrie pravdepodobnosti umoznuje modelovat nezavisly sto-
chasticky kanal a asymetrickii nezavislost.

Ako pocitanie so zlomkami a operacia delenia umoznuju riesit isty typ rovnic, po-
dobne rozgirenie klasickej (kolmogorovovskej) teorie pravdepodobnosti o delitelnost
nédhodnych udalosti (teda fuzzy udalosti) umoziuje modelovat niektoré netradi¢né
stochastické situacie.

Na jednoduchej diskrétnej transportnej tlohe objasnime podstatu ,delitelnej*
(t.]j. zovSeobecnenej) pravdepodobnosti a naznac¢ime jej prinos: modelovanie kvan-
tovych a (dudlne) fuzzy stochastickych fenoménov. Prinosom st aj nové poznatky
o stochastickej nezavislosti a podmienenej pravdepodobnosti.

,» Transportacnému problému* sa venovali R. Fri¢ a M. Pap¢o v ¢lanku [25]:

Nech (2,p) a (E,q) st kone¢né (diskrétne) pravdepodobnostné priestory (kon-
Strukciu mozno opisat aj pre nediskrétny pripad). Nech T je také zobrazenie
z Q={wi,ws,...,wp,} do E={&,&,....&m}, 26 q(&) = ZwleTe(gk)p(wl) pre vSetky
k€ {1,2,...,m}, pricom ¢(&) > 0. Potom sa T sa nazyva transformaciou (2, p)
na (2,¢q) a (£, q) nazyva T-obrazom (£, p). Specialnym pripadom je nahodn4 pre-
mennd: ak = je mnozina realnych ¢isel, potom T je ndhodné premenné.

Nech T je transformécia (€2,p) na (Z,¢). Potom T moézeme znazornit (pozri
obr. 10) ako systém n potrubi w; — T'(w;), cez ktoré sa z nadoby w; prelieva p(w;)
tekutiny do nadoby &, = T'(w;).

Ak pohar & je cielom viacerych potrubi, potom ¢(&x) (objem tekutiny v pohari)
je stctom Y, cre gy P(wr)s t.j. celkovy prilev danych potrubi.

Majme diskrétne priestory (£2,p) a (Z, q). Pytame sa, ¢i vZdy existuje zobrazenie
T: Q — = také, ze (Z,q) je T-obrazom (2, p). Je vzdy mozné vyliat cely objem
p(w;) kazdého pohara w; do nejakého (prazdneho pohéra) & takym spdsobom, Ze
pohar &, k € 1,2, ..., m, bude obsahovat presne q(&x) tekutiny?

V klasickom pripade to vzdy mozné nie je. Pretoze ak n < m, T by nebolo

zobrazenim.
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Jedno z moznych rieSeni problému na¢rtnutému vyssie bolo navrhnuté v [25].
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Nézorne je priblizené na obr. 11.
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Vektor (wyy, way, ..., W) uréuje, ze z wy, | = 1,2,...,n,sado &, k = 1,2,....m
preleje wyp(w;). Celkovy prilev do & sa rovna q(&) = >, wp(w)-

Vsimnime si, ze ak zvolime wy = q(&), tak ¢(§) = >, ¢(&e)p(wi) = q(&x) Dy p(wi)
a T((p(w1), p(ws), -, p(wn))) = (q(&1), 4(&2); -, q(Em)); t-j-s T(p) = q pre kazdé p
(nezavisle na volbe).

Existuja specidlne pripady rieSenia transportacného problému:

o Nezavislé” rieSenie transportacného problému:

Nech  vektor  (p(w1),p(ws),...,p(wn)) je  pravdepodobnost na
a(q(&),q(&), ..., q(&n)) je pravdepodobnost na =. Nech W je matica, ktorej k-
ty riadok méa tvar (q(&x), q(&), - q(&k)), t.3. we = q(&k), I = {1,2,...,n}. Po-
tom ,,delitelné* potrubie uréené maticou W ,preleje“ p = (p(w1), p(w2), ..., p(wn))

do ¢ = (q(&),4q(&), .-, q(&n))- , Vystup nezalezi na vstupe.

e Klasické potrubie je urfené maticou W, ktora ma v kazdom stipci jednu jed-

notku a samé nuly (,,v8etko, alebo ni¢“, t.j. nedelime).

Mozeme si v8imnut, ze matica W (prostrednictvom nasobenia vektormi sprava,

resp. zlava) urc¢uje dve zobrazenia:

e Prvé z nich kazdej pravdepodobnostnej miere ¢t na Q = {w;,ws,...,w,} VO
forme stipcového vektora t = (ty,ts, ..., t,) priradi stc¢in W.t, teda pravdepo-
dobnostnt mieru na = vo forme stipcového vektora s = (sy, 59, ..., 5, ). W teda
urcuje zobrazenie pravdepodobnostnych mier na €2 do pravdepodobnostnych

mier na =.

e Druhé z nich kazdej fuzzy podmnozine (delitelnej udalosti) mnoziny = vo
forme riadkového vektora w = (uq, ug, ..., ) priradi fuzzy podmnozinu (deli-
telnt udalost) vo forme riadkového vektora 7 = (v, v, ..., v,) = WW, t.j. W

urcuje zobrazenie fuzzy z podmnozin = do fuzzy podmnozin €.

Tieto dve zobrazenia vytvaraji spominany stochasticky kanal.
V priklade 3 sa pracuje s transformac¢nou maticou opisujucou stochasticky kanal.

Tento priklad vedie k podmienenej pravdepodobnosti.
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Priklad 3. Nech st vysledky hodu kockou kédované s vyuzitim ,,palickového disp-
leja“. Predpokladajme, Ze je pokazeny a zobrazovat moze iba prostrednictvom vy-
svietenia ,,dvoch zvislych pali¢iek vpravo™, pozri obr. 12. Pokazeny displej zobra-
zuje len tri vysledky, ich pravdepodobnost reprezentuje pravdepodobnostny vektor
(2/6,1/6,3/6). Ako mézeme rekonstruovat informéciu o péovodnom pokuse hode
kockou, ktory ma Sest vysledkov, kazdy s pravdepodobnostou %?

Jednou z moznosti, ako nastolenti otazku zodpovedat, je opisat uvedeni situ-
aciu prostrednictvom matice W typu (6 x 3) , ktora pravdepodobnostni mieru
p = (%,%,%) prevedie na pravdepodobnostni mieru ¢ = (%,%,é,%,%,%). t.].
q+— W.op.

Ak W obsahuje len nuly a jednotky, tak rieSenie neexistuje. Vyhovuje matica
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Plati g1 = q3 = %.%—1-0—1-0:

@=0+0+13=4,

Gu=0¢=0p=0+0+32 =21

Existuji aj iné rieSenia, napr. ,nezavislé (degenerované)“, ked vsetky prvky
matice st 1, ale podla [2], [3] je toto rieSenie ,kénonické* (stIpce matice W si
podmienené pravdepodobnosti v kdnonickom zdruzenom experimente). Zobrazenie
»q — W.p je kvantové“: priraduje degenerovani (Diracovu) mieru (1,0,0) na mno-
zine {|,,'} nedegenerovanej miere (%,O,%,0,0,0) na mnozine {1,2,3,4,5,6}. Zo-
brazenie ,v — u.W je fuzzy“: zobrazuje booleovska udalost {1}, t.j. podmnozinu
mnoziny {1,2,3,4,5,6} na fuzzy (delitelntt) udalost (%, 0,0), t.j fuzzy podmnozinu

mnoziny {|,,'}.

Obidva problémy (transporta¢ny, oprava poruchy kédovania) mozno zovseobec-
nit takto:

Uvazujeme o dvoch kone¢nych pravdepodobnostnych priestoroch a hladame
,stochasticky kanal, ktory stochastickt informéciu o prvom priestore transformuje
na stochastickd informéaciu o druhom priestore*. V teérii pravdepodobnosti A. N.
Kolmogorova stochasticky kanal modelujeme nahodnou premennou a su situécie,
kedy takyto kanal neexistuje. V stochastickom modeli s delitelnymi udalostami

ano.

4.2 ZdruZeny experiment a stochasticki nezavislost

Tato podkapitola je spracovana podla ¢lanku [3], ktory je venovany stochasticke;
zéavislosti/nezavislosti v kontexte fuzzy nahodnych udalosti, zaloZenej na stochastic-

kych kanaloch a zdruzenych experimentoch. V prvej ¢asti prezentujeme komutativne
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diagramy opisujice klasicky pripad a druhé ¢ast je venované ich zovSeobecneniam.
Klasicka stochastickd nezévislost je symetrickd, ale my v tretej casti definujeme
a skiimame asymetricki stochastickii nezévislost, pricom symetricka stochasticka
nezavislost je predstavend ako konjukcia dvoch asymetrickych. V poslednej ¢asti
konstruujeme podmienent pravdepodobnost v pojmoch zdruzeného experimentu
a skiimame, aky vztah ma konstrukcia ku zovSeobecnenej pravdepodobnosti na

kvantovych Struktirach so sa¢inom ([42], [15]).

4.2.1 Klasicky pripad

Nech (2, A) a (Z, B) st meratelné priestory a nech f : Q@ — = je meratelné zobra-
zenie. Vzorové zobrazenie f<, f<(B) = {w € Q; f(w) € B}, B € B, je sekven¢ne
spojity (vzhladom na bodovi sekvenéni konvergenciu indikatorovych funkeii) bo-
oleovsky homomorfizmus z B do A. Dalej, < definuje zobrazenie Ty« z mnoZiny
P(A) v8etkych pravdepodobnostnych mier na A do mnoziny P(B) v8etkych prav-
depodobnostnych mier na B (nazyva sa statistické zobrazenie): Ty (p) je zloZenim
po f<,peP(A).

Nech (€2, A, p) je pravdepodobnostny priestor. Pripomenme, 7e dva systémy me-
ratelnych mnozin B,C C A sa nazyvaju stochasticky nezavislé, ak p(B N C) =
p(B).p(C) vidy, ked B € B a C € C. V&imnime si, ze v klasickej pravdepodob-
nostnej teodriii pojem stochastickej nezavislosti je teda symetricky.

Pravdepodobnostné priestory (2, A,p), p € P(A), opisujice ndhodné experi-
menty, maju fixny komponent (2, A) a p € P(A) reprezentuje ,volbu“ vhodnej
pravdepodobnostnej miery, reprezentujicej ,,zakon nahodnosti“, jednu z moznych
pravdepodobnostnych mier spojenych so skimanym experimentom. Nech (=, B) je
iny meratelnyny priestor a nech f : Q — = je meratelné zobrazenie. Potom volba
p € P(A) determinuje volbu p o f< € P(B). Hovorime, ze f ,posuva“ (pushes
forward) p do po f©, alebo 7e f< ,prevadza stochastickd informéciu p o A do po f©
o B’“. My budeme skiimat stochastickt zavislost/nezavislost v kontexte toho, ako
diagramy, meratelnych zobrazeni vplyvaji na volbu pravdepodobnostnych mier na
korespondujicich o-poliach ndhodnych udalosti.

Nech (2x =, AxB) jest¢inom (2, A) a (Z,B), t.j. AxB je najmensia o-algebra
podmnozin ) x =, ktora obsahuje vietky obdlzniky A x B: A € A, B € B. Nech
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Li(r) ; La(r)
# #
AP L AxBe ™ B
Obr. 13

pry: QXE — Q, pry : QX E — E st zvyfajné meratelné projekcie (pr;(w, §) = w,
pry(w,) =& we D Ee€Z)anechpry :A—AxBapri :B— AxB
st prislusné meratelné vzorové zobrazenia. Nech A € A, B € B. Potom, pr{ (A) =
AxZapri(B)=Qx B.Prer € P(A x B), zlozenie r o pr{” a r o pry definuje
lateralne zobrazenia L; : P(A x B) — P(A) a Ly : P(A x B) — P(B). Kazdy
,sucinovy” experiment (2 x =, A x B, r) teda definuje dva ,lateralne* experimenty

(Q,A, Li(r)) a (£,B, Ly(r)), pozri obr. 13 .

Definicia 25. Nech (2, A,p) a (£,B,q) st klasické ndhodné experimenty. Nech
r € P(A x B) anech Li(r) = p, Ly(r) = q. Potom sa (2 x =, A x B,r) nazyva

klasicky zdruZeny experiment.

Nech (€2, A,p) a (Z,B,q) su klasické ndhodné experimenty. Oznac¢me J(p,q)
mnozinu vSetkych klasickych zdruzenych experimentov (2 x =, A x B,r). Nech
p X ¢ je su¢inova miera (p X ¢)(A x B) = p(A).q(B), A € A, B € B). Kedze
Li(p X q) = p a Ly(p X q) = ¢, mnoZina J(p, q) nie je prazdna. Poznamenajme,
ze (v netrividlnom pripade) poziadavky Li(r) = p a Ls(r) = ¢ nedeterminuju r
jednoznacne.

Nech (A, C) je meratelny priestor a nech f: A — Q, g : A — = st meratelné
zobrazenia. Potom existuje prave jedno meratelné zobrazenie h : A — Q x = takeé,
ze pryoh = f a pryoh = g, konkrétne h(\) = (f(A),g(N)), A € A. (2 x =, A x B)
je kategorialny stuc¢in meratelnych priestorov (2, A) a (£,B). Oznatme h = f ®
g. Teda volba s € P(C) jednozna¢ne determinuje volby p € P(A), ¢ € P(B)
ar € P(AxB)tak,ze p=so f<, g=s0g", r=so(f®g)*", pozri obr. 14.

Priamociary dokaz nasledujiicej vety je vynechany.

Lema 9. Nech (2, A,p), (2,B,q) a (A, C,s) su klasické ndhodné experimenty. Nech

f:AN—Q, g: N — = su meratelné zobrazenia také, Ze so f< =p asog™ =q.
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Nech (2 x =2, A x B, r) je zdruZengm experimentom (0, A, p) a (£,B,q). Potom si

nasledugjice tvrdenia ekvivalentné

(i) fC(A) = {fT(A);A € A} a ¢g*(B) = {¢°(B); B € B} su stochasticky

nezdvislé v (A, C, s).

(i) pri (A) = {AxZ;,A € A} apri(B) = {Q x B;B € B} su stochasticky

nezdvislé v (2 X 2, A x B, r).

(iii) v =p x q.
Definicia 26. Nech (2x =, AxB, ) je klasickym zdruZengm experimentom (2, A, p)
a (£,B,q) a nech r = p x ¢. Potom (2, A,p) a (,B, q) sa nazyvaju stochasticky

nezdvislé v (2 x 2, A x B, r).

Pozndmka 3. KedZe pravdepodobnost r € P(A x B) v zdruZenom experimente
(Q,A,p) a(Z,B,q) nie je jednozna¢ne uré¢end, pravdepodobnostné priestory nemaji
kategoridlny saucin. Lema 9 implikuje, ze (2 X =, A x B, p X ¢), spolu s projekciami
pr;,i = 1,2, moze byt povazovany za ,nezavisly kategorialny sacin“. Ak (A, C,s)
je pravdepodobnostny priestor, f : A — Q a g : A — = su také meratelné
a mieru zachovavajtce zobrazenia také, ze f<(A) a ¢g* (B) st stochasticky nezavislé
v (A, C,s), tak existuje jediné také meratelné a mieru zachovéavajice zobrazenie
h:A— Q x = také, ze pryoh = f, pryoh =g, ateda soh™ =p x q.

Ako uvidime (modifikujic diagram na obr. 14), posun z Booleovej logiky do
viachodnotovej FLukasiewiczovej logiky nam umoznuje definovat asymetricka neza-
vislost pre fuzzyfikované ndhodné experimenty tak, ze symetrickd nezavislost sa

stane konjukciou dvoch asymetrickych.
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4.2.2 Fuzzyfikovany pripad

V tejto cCasti, opiSeme konstrukciu fuzzyfikacie zdruzeného experimentu vedicu
k asymetrickej nezavislosti a podmienenej pravdepodobnosti. Na rozdiel od klasic-
kého modelu, kde zakladom Statistického kanalu je meralelné zobrazenie, vo fuzzyfi-

kovanom modeli je zdkladom pozorovatelné, t. j. sekvencne spojity A-homomorfizmus.

Definicia 27. Nech (2, A) je meratelny priestor. Potom (2, M(A)) nazyvame
priestor udalosti a (2, M(A), [(.)dp), p € P(A), nazyvame ezperiment.

Nech (©, M(A), [(.)dp) je experiment a nech (=, M(B)) je priestor udalosti.
Nech g : M(B) — M(A) je pozorovatelna. Pre kazdy pravdepodobnostny integ-
ral p = [(.)dp na M(A), je zloZenie P o g dvoch pozorovatelnych pozorovatelna,
¢ize pravdepodobnostny integral g = [(.)dg na M(B). Toto vytvéra Statistické zo-
brazenie T, : P(A) — P(B), ktoré sprostredkovane zobrazuje p na g = Ty(p).
Pre u € M(B) mame [ud(T,(p)) = [g(u)dp a pre p = §,, w € Q, dostaneme
(9(w)(@) = Jo()d(8.) = [ud(T,(5.)).

Priestory udalosti zoveobechuji meratelné priestory a Statistické zobrazenie zo-
vSeobeciiuji meratelné zobrazenia. Na vybudovanie pojmu asymetrickej nezavislosti

potrebujeme definovat zdruzeny experiment.

Definicia 28. Nech (Q, M(A), [(.)dp) a (2, M(B), [(.)dg) s dva experimenty.
Potom (2 x £, M(A x B), [(.)dr), kde r € P(A x B) a Li(r) = p, Lao(r) = q,

nazyvame zdruZeny exrperiment.

Poznamenajme, 7e laterdlne zobrazenia L; : P(A x B) — P(A)
a Ly : P(A x B) — P(B) zovSeobeciujii projekcie pr; : Q@ x = — Q
a pry, : 2 x © — Z=. Duélne zobrazenia st definované kanonickym sposobom.
Pre u € M(A), definujme @ € M(A x B) takto: pre w € Q,{ € =, polozme
w(w,€) = u(w) a oznatme e; : M(A) — M(A x B) vysledné kanonické vno-
renie posielajiuce u do a; es : M(B) — M(A x B) je definované analogicky
(0(w, &) = v(&)). Zjavne, e a ey st pozovatelné. Nech T,, a T,, st prislusné Statis-
tické zobrazenia. Lahko sa overi, ze Ly = T,,, Ly = T,,, [udp = [adr,u € M(A),
a [vdg = [odr,v € M(B).

y,Stochasticky kandal“ je kanal, ktorym ,stochastické informacie“ pradia z jed-

ného priestoru udalosti do iného priestoru udalosti. V klasickom pripade, dvojice
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(f, f7) spliaju acel a v zovieobecnenom pripade dualne zobrazenia (pozri [29]) po-
zorovatelna ¢ : M(B) — M(A) a prislusné Statistické zobrazenie
T, : P(A) — P(B) hraji kl'acovi rolu.

Definicia 29. Nech (2, M(A)) a (E,M(B)) su priestory udalosti, nech
g : M(B) — M(A) je pozorovatelna a nech 7, : P(A) — P(B) je kores-

pondujuce Statistické zobrazenie. Potom sa (g, T,) nazyva stochasticky kandl.

Klucova pre mnaSe skumanie je tato otéazka: Ako pozorovatelna
g: M(B) — M(A), resp. prisludny stochasticky kanal (g,T}), ovplyviuje zdru-
zeny experiment (2 x =, M(A x B), [(.)dr)?

Nech (22, A), (Z,B), (A, C) st meratelné priestory, nech f: M(A) — M(C)
ag : M(B) — M(C) su pozorovatelné, nech 7y : P(C) — P(A)
aT,:P(C) — P(B) su prislusné statistické zobrazenia. Nech pre A € A je ) Di-
racova pravdepodobnostna bodova miera (6,(C) =1 pre C € C a 0,(C) = 0 inak).
Nech T¢(9y) x T,(y) je prislusna sac¢inova pravdepodobnostnid miera na A x B.

Nech pre u € M(A x B),

®) ()N = [ud(Ty() x T, A€ A
a nech h: M(A x B) — [0,1]* je uréené predpisom (®).

Propozicia 1. (i) Zobrazenie h je pozorovatelnd z M(A x B) do M(C).
(i) Nech ey : M(A) — M(A xB) a ey : M(B) — M(A x B) si kdnonické

vnorenia. Potom hoe; = f a hoey = g.

Dékaz. (i) Priamo z (®) vyplyva, Ze h je sekvencne spojité, zachovava usporiadanie,
konstanty a Clastoéni operaciu ,sactu”, t.j. h(v + u) = h(v) + h(u)
pre u,v € M(A x B),u < (1 —v). Nech u € M(A x B). Ostava dokazat, 7e
h(u) € M (C) . To wvyplyva 2z  Fubiniho  vety.  Plati
= [o(Jou(w, §)A(Ty(6)))d(TF(62)), kde [cu(w,&)d(Ty(0,)) je A-meratelna
funkcia v € M(A). Potom fQ’Ud Tr(0)) = [y f(0)d(6y) = (f(v)(A), a teda,
h(u) = f(v) € M(C). To dokazuje (i).
(ii) Nech u € M(A). Z (®) a z Fubiniho vety,
(h(ex(@)N) = fer(@d(Ty(0) X Ty(02)) = fo(Jzu(w, AT, (6:)dA(Ty (). A € A.
Kedze pre w € Q a £ € = plati (e1(u))(w,§) = u(w). 5(5), kde 15(5) = 1 pre vSetky
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Obr. 15

¢ € Z, posledny integral sa zredukuje na [ f(u)d(dy) = (f(u))(\). Cize hoe, = f.
Dokaz h o ey = g je analogicky. ]

Désledok 3. Diagram na obr. 15 komutugje.

Definicia 30. Nech f : M(A) — M(C) a g : M(B) — M(C) st pozorova-
telné. Potom pozorovatelna h : M(A x B) — M(C) definovana pomocou (®) sa

nazyva sucin pozorovatelnyjch f a g; budeme ju oznacovat ako f ® g.

Propozicia 2. Nech f®g: M(A xB) — M(C) je sucin pozorovatelnijch a nech
Trgy : P(C) — P(A x B) je prislusné statistické zobrazenie. Potom
(i) Pre kazdé A € A, A je nosnd mnozina C , plati Trey(0x) = Tr(dx) X Ty(dy)-
(ii)) Nech A = Q, C = A a nech [ je identickou pozorovatelnou
id : M(A) — M(A). Potom pre kazdé w € Q plati Tiagy(d) = 0w X Ty(dy,).

Doékaz. (i). Mame ukazat, 7e pre kazdé A x B,A € A,B € B, plati
(Troa (A x B) = (Ty(6:) x TyG)(A x B) = (Tr(6n)(A)(Ty(6:))(B).
Z Tte4(0)) € P(A x B), dostaneme (Trgy(00))(A x B) = [ xa.xpd(Treq(0r)) =
J(f®g)(xa-xp)d(0y) = (f ®@9)(xa-xB)(N). Z(®), vyplyva, Ze (f @ g)(xa-x5)(A) =
[ xaxBd(Ts(0)) x T,(85)). Pouzitim Fubiniho vety dostaneme (f ® g)(xa.x5)())
= ([ xad(T5(6x)))-([ xpd(Ty(62))) = (T¥(0x) x T,(6x))(A x B). To dokazuje (i).
(ii). Nech w € Q, A € A, B € B. Pripomeﬁme ze (Tiagg(0w))(A x B) =

[(id®g)(xa-xp)dd, a podla (®), plati (id ®g)(xa.x5)(w) = [ xa-x5d(d.xTy(d)),
w € Q. Preto ((id®g)(xa-x5))(w) = du(A).( g(5w))(B), preto (Tiaeg(de))(A X B)
= 0w(A).((T,)(0w))(B). To dokazuje (ii). O

Pozndmka 4. Poznamenajme, ze pojmy Statistického zobrazenia a sucinu T' ® S

dvoch statistickych zobrazeni T' : P(C) — P(A) a S : P(C) — P(B) mozu
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byt definované priamo cez Markovove jadro (pozri napr. [6], [34], [16]). KedZe dve
Statistické zobrazenia sa rovnaji vzdy, ked sa zhoduju na Diracovych pravdepo-
dobnostnych mierach, a kedze (T'® S)(05) = T'(05) x S(0,) pre vietky A € A, A je

nosna mnozina C, tak v predchddzajucej propozicii plati Ty = T @ Ty,

Propozicia 3. Nech id : M(A) — M(A) je identickd pozorovatelnd, nech
g : MB) — M(A) je pozorovatelnd, nech T,q : P(A) — P(A)
a T, : P(A) — P(B) su prislusné statistické zobrazenia. Potom existuje jediné
Statistické zobrazenie T : P(A) — P(A x B) také, Ze diagram na obr. 16 komu-
tuje a T = Tiq gy-

Dékaz. V predchadzajicej propozicii z (ii) vyplyva, ze pre kazdé ¢, € P(A), w € Q,
plati Tigeg(dy) = 0w X Ty(d,). Teda (L1 0 Tagy)(0w) = Tia(0w) a (Ly 0 Tiagy)(0w) =
Ty(6). Dve statistické zobrazenia sa rovnaju vzdy, ked sa zhodujt na Diracovych
pravdepodobnostnych mierach, a preto Ly o T'=Tiq, Ly o T =T,.

Nech T : P(A) — P(A x B) je také Statistické zobrazenie, ze L; o T = Ty,
Ly oT = T,. Treba ukazat, Ze T' = Tiqg,. Pripomenme, ze T' = Tigg, prave vtedy,
ked pre kazdé w € Q plati T(d,,) = Tiagg(dw)-

Pouzijeme dokaz sporom. Predpokladajme, ze T' # Tiqg4. Potom existuje w €
take, ze T'(0y) # Tawg(0w). L1(T(4,)) = 4, implikuje, ze (T'(d,))((2\{w}) x=E) =0
a (T(6,))({w} x E) = 1. Dalej, Ly o T = T, implikuje, Ze pre kaidé B € B
platt (T,(0.))(B) — (T())(@ x B) — (T@)(({w} x B) U (2 {w}) x B) -
(T(0,))(({w} x B)). Cize pre kazdé A x B,A € A, B € B, plati (T(4,))(2 x B) =
(0u(A)).(T,(0,))(B) a teda T'(d,) = d, X Ty(d,). Nakoniec z (ii) v predchadzajicej
propozicii vyplyva, ze 0, X Ty(d,) = Tiagg(dw), o je spor. ]
Désledok 4. (i) Emzistuje jedind takd pozorovatelnd h : M(A x B) — M(A), Ze
diagram na obr. 17 komutuje a h =id ®g.

(7i) Pre kazdé p € P(A) ezistuje jediné také r € P(A x B), Ze T = po (id®g).

Definicia 31. Nech (2, M(A), [(.)dp) a (E, M(B), [(.)dg) sa experimenty, nech
id : M(A) — M(A) je identickia pozorovatelna, nech g : M(B) — M(A)
je pozorovatelna, nech Tiq : P(A) — P(A) a T, : P(A) — P(B) st pri-
slusné Statistické zobrazenia. Nech T,(p) = ¢ a r = Tiqgy(p). Potom sa troj-
ica (2 x E,M(A x B), [(.)dr) sa nazyva g-zdruZeny experiment experimentov

(2, M(A), [()dp) a (E, M(B), [(.)dg).
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P(A) +2— P(A x B) -2 P(B)

Nech (2 x Z, M(A x B), [(.)dr) je zdruzeny experiment (2, M(A), [(.)dp)
a (£, M(B), [(.)dg). Nech g : M(B) — M(A) je pozorovatelna a nech (g,T,) je
prislusny stochasticky kanal taky, ze T,(p) = ¢. Potom pravdepodobnost
r € P(A x B) je jednozna¢ne determinovana v takomto zmysle: Tiqg, je jediné
Statistické zoprazenie 7' z P(A) do P(A x B) také, ze Ly oT = Tig, Lo o T =T,
a1 = Tiag.(p). Jednoducho povedané, (2 x =, M(A x B), [(.)d(Tiagy(p))) je jediny
zdruzeny experiment, ktory ,zohladiiuje stochasticky kanal“ (g,7y), T,(p) = q.

Pozndmka 5. Hovorime, 7e ak LyoT =T,, T : P(A) — P(A x B), tak T, je fakto-
rizované cez P(A x B); stciny a faktorizacie Statistickych zobrazeni boli studované
v [6], |7], [16], kde M, (9, A) oznacuje mnoZinu vsetkych pravdepodobnostnych

mier na A.

4.2.3 Asymetricka stochastickid nezavislost

Nech (2, M(A), [()dp) a (E,M(B), [(.)dg) st nahodné experimenty, nech
g : M(B) — M(A) je pozorovatelna, a nech (g,7,) je prislusny stochasticky
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kanal taky, Ze T,(p) = ¢. Je rozumné tvrdit, ze M(B) je g-nezavislé na M(A),
ak prenesend stochasticka informacia g = [(.)dg o priestore udalosti (2, M(B))
wnediskrimuje* vol'bu stochastickej informacie o (2, M(A)). Presnejsie, ked Sog =g
pre kazdé s € P(A) alebo, ekvivalentne, T,(s) = ¢ pre kazdé s € P(A). Taky sto-
chasticky kanal moze byt charakterizovany ako degenerovany (¢-hodnotovy). Nasle-
dujuca propozicia opisuje takéto kanaly.

Pre u € M(B) a w € Q, definujme (g(u))(w) = [udg. To definuje zobrazenie g
z M(B) do [0, 1]%.

Propozicia 4. (i) g je pozorovatelnd do M(A).

(it) Ty(s) = q pre vsetky s € P(A).

Dékaz. (i) vyplyva priamo z definicie g.

(ii). Nech s € P(A). Z definicie g vyplyva, 7e pre kazdé xyp = B, g(x5) je
konstantna funkcia a pre vietky w € Q mame (g(xp))(w) = [xpdg = ¢(B). Teda
(Ty()(B) = [xsd(Ty(s)) = [9(x)ds = q(B) a Ty(s) = q. O
Definicia 32. Nech (2, M(A)) a (E,M(B)) st priestory udalosti, nech
g : M(B) — M(A) je pozorovatelna, nech T, je prisluiné Statistické zobraze-
nie. Nech ¢ € P(B). Ak T,(s) = ¢ pre vietky s € P(A), tak g a T, nazyvame

degenerovaneé.

Propozicia 5. Nech (2, M(A), [(.)dp) a (E,M(B), [(.)dq) st ezperimenty. Nech
id : M(A) — M(A) je identickd pozorovatelnd, nech g : M(B) — M(A)
je degenerovand pozorovatelnd, nech id®g : M(A x B) — M(A) je ich si-
¢in, nech Tia, Ty, a Tiagg st prislusné statistické zobrazenia. Predpokladajme, Ze
T,(p) = q € P(B). Potom pre vsetky s € P(A) plati Tiagy(s) = s X q.

Dékaz. Nech s € P(A), A € A, B € B. Pripomenme, ze (Tiggy(s)(A X B) =
[(id®g)(xa.xp)ds a podla (®) plati (id ®g)(xa.x5)(w) = [ xa-x5d(d, x T,(5,)),
w € .V dosledku toho plati ((id ®¢)(xa.x5))(w) = 0u(A).(T,(6.))(B) = d.(A).q(B),
a teda (Tlagy(s))(A x B) = s(A).q(B). O
Definicia 33. Nech (Q, M(A), [(.)dp) a (2, M(B), [(.)dg) st experimenty, nech
g : M(B) — M(A) je pozorovatelna a nech T, : P(A) — P(B) je prisluiné
Statistické zobrazenie také, ze T,(p) = ¢. Ak T, je degenerované, potom hovo-

rime, ze experiment (2, M(B), [(.)dq) je stochasticky g-nezdvislj na experimente

(€2, M(A), [(-)dp).
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Predpokladajme, Zze experiment (Q, M(A), [(.)dp) je stochasticky g-nezavisly
na experimente (2, M(B), [(.)dq), t.j., (g, T,) je degenerovany stochasticky kanal,
a Ty(p) = q. Potom, pre vietky s € P(A) plati Tiqgy(s) = s x Ty(s) = s x q.
Specialne, Tiaeg(p) =p X q.

Definicia 34. Nech (2, M(A), [(.)dp) a (£, M(B), [(.)dg) st experimenty. Nech
g: M(B) — M(A) a f: M(A) — M(B) st pozorovatelné. Ak g a f s dege-
nerované, tak hovorime, ze (Q, M(A), [(.)dp) a (2, M(B), [(.)dq) st stochasticky

nezdvislé.

Dosledok 5. Nech (2, M(A), [(.)dp) a (E,M(B), [(.)dq) si experimenty a nech
(LA p) a (5,B,q su prislusné klasické ndhodné experimenty. Nech
g : M(B) — M(A) je pozorovatelnd a nech T, : P(A) — P(B) je pri-
slusné Statistické zobrazenie také, Ze Ty(p) = q. Nech (2 x Z, M(A x B), [(.)dr) je
g-zdruZeny experiment experimentov (Q, M(A), [(.)dp) a (2, M(B), [(.)dq) a nech
(Q x 2, A x B,r) je prislusny zdruzeny klasicky ndhodny experiment.

Ak (E,M(B), [(.)dq) je g-nezdvisly na (Q, M(A), [(.)dp), t.j. ak stochasticky
kandl (g,T,) je degenerovany, tak (2, A,p) a (Z,B,q) su stochasticky nezdvislé v ich

klasickom zdruzemom ndhodnom experimente (2 x =, A x B,r).

Pozndmka 6. Nech st dva klasické ndhodné experimenty (2, A,p) a (Z,B,q) sto-
chasticky nezavislé v ich zdruzenom klasickom pokuse (2 x =, A x B,r). Potom
r =p x q. Nech (2, M(A), [(.)dp), (E, M(B), [(.)dq) a (2 x =, M(A x B), [(.)dr)
st ich prislusné fuzzyfikicie. Poznamenajme, Ze z predpokladov nevyplyva exis-
tencia pozorovatelnej g : M(B) — M(A), resp. f : M(A) — M(B), a ze
medzi (2, A,p) a (£,B,q) ,neexistuje ziadna stochasticka viazba“. Ak totiz nastal
klasicky vysledok w € €, resp. £ € E, tak z pry(w,§) = w, resp. pry(w,§) = &,
vyplyva, Ze v ,protifahlom*“ pokuse mohol nediskriminovane nastat ktorykolvek
vysledok & € =, resp. w € ). Podobne, ak nastane udalost A € A, resp. B € B,
pricom p(A) = r(A x Z), resp. ¢(B) = r(B x ), tak to nediskriminuje udalosti
a ich pravdepodobnosti v ,protifahlom® experimente. ,Neexistencii“ stochastic-
kej vizby medzi (2, A,p) a (£,B,q) ,zodpovedaju“ degenerované pozorovatelné
g: MB) — M(A)a f: M(A) — M(B), pricom T,(p) = q, T(q) = p. To ale

znamend, ze stochasticka nezavislost klasickych experimentov (2, A, p) a (£, B, q) je

o6



implicitnou kvalitou explicitne definovanej stochastickej nezavislosti experimentov
(Q, M(A), [(.)dp) a (T, M(B), [(.)dq), ktora je vyjadrend v jazyku degenerovanych

pozorovatelnych.

4.2.4 Poznamky o podmienej pravdepodobnosti

Uvazujme o g-zdruzenom experimente (Q x 2, M(A x B), [(.)dr) dvoch experimen-
tov  (Q,M(A), [(Hdp) a (E,M(B), [(.)dg). Podla propozicie 3 je
7 =po (id®g) v zdruZenom experimente jednozna¢ne determinovany. V tejto Casti
prediskutujeme, ako 7  reflektuje  ,stochasticki  zavislost/nezavislost“
(E,M(B), [(.)dg) od (2, M(A), [(.)dp). Najmi nas zaujima konStrukcia
~pravdepodobnosti R(u|v) udalosti u € M(B) podmienenej udalostou v € M(A)“.
Pouzitim vnoreni e; : M(A) — M(A x B), e5 : M(B) — M(A x B), budeme
chapat podmienent udalost u|v ako udalost es(u)|e;(v) v zdruzenom experimente
(Q2x =, M(A xB), [(.)dr) a ukdzeme, Ze to vedie ku prirodzenej konstrukcii R(ulv).

Ked je stochasticky kanal (g,7,) degenerovany, r = p x ¢, vtedy z experimentu
(2, M(A), [(.)dp) do experimentu (2, M(B), [(.)dq) Ziadna relevantna stochasticka
informéacia nepradi a potom je prirodzené definovat R(u|v) = 7(ea(u)) = g(u) = [udg.

Pre u € M(B) oznatme @ = ey(u) € M(A x B), t.]., u(w,§) = u(f),w € Q,
€ €= apre v € M(A) oznatme 0 = e;(v) € M(A x B), t.j., 0(w,§) = v(w),
we Q¢ €= Prew € M(AxB) kazda dvojica ((w,§),a), 0 < a < w(w, ) mdze byt
povazovana za ,fuzzy vysledok podporujuci w*, mnozina M,, = {((w,§),a);0 < a <
w(w, &)} modze byt povazovana za mnozinu vSetkych fuzzy vysledkov podporujicich
w a [wdr meria ,akd velkd® je mnoZina M,. Pre B € B poloZme X5 = es(xp) =
xaxB € M(A x B). Potom mnozina M, , , = Mg,5 = Mg NM; = {((w,§),a);0 <
a < 9(w,§),& € B} moze byt povazovana za ,mnozinu vSetkych fuzzy vysledkov
podporujucich Yz za podmienky 7.

Pre 0 < [odr = [vdp, definujme

XB.odr
Faual) = P20

Pre kazda v € M(A),0 < [odr = [vdp, Re(xg|v) definuje pravdepodobnostni

mieru R(.|v) na B, R(.|v) je pozorovatelna do M(T), a teda moze byt jednozna¢ne
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rozsirend na pozorovatelni z M(B) do M(T). Toto rozsirenie ma tvar
_ Ju.odr
~ Jadr

a predstavuje jedinu prirodzeni definiciu zovSeobecnej podmienej pravdepodobnosti

(¥)  R(ulv) yue M(B),

zalozenej na stochastickom kanali (g,7,) a prislusnom g-zdruZenom experimente.

Definicia 35. Nech (2 x £, M(A x B), [(.)dr) je g-zdruzeny experiment experi-
mentov (Q, M(A), [(.)dp) a (£, M(B), [(.)dg). Nech v € M(A),0 < [odr = [vdg.
Potom pozorovatelna R(.|v) : M(B) — M(T) definovani pomocou (*) nazyvame

pravdepodobnost na M(B) podmienend udalostou v € M(A).

Pre zovSeobecnené pravdepodobnostné domény (MV-algebry, Lukasiewiczove
klany, D-posety, ...) dalsia bindrna operacia ,,stu¢in“ bola Studovana priméarne v spo-
jeni so zdruzenymi pozorovatelnymi, stochastickou nezéavislostou, podmienenou stred-
nou hodnotou a podmienenou pravdepodobnostou, napr. v [57], [12], [62], [35], [58],
[43], [42], [15], [36], [9], [40]. Je zname (]|58], [42]), Ze v plnom F.ukasiewiczovom
klane sa ,,sa¢in“ redukuje na zvyc¢ajny bodovy sucin funkcii.

Poznamenajme, Ze konstrukcia zovSeobecnenej podmienej pravdepodobnosti pre
MV-algebry a D-posety je zalozend na operacii saéinu. V [42], [15] pre
u,v € M(A),0 < [udp, je P(v|u) definované cez ([v.udp)/([udp). Nase kon-
Strukcie plne podporuji ,,podmienovanie cez sa¢in® a, ¢o je doélezitejsie, tvrdime, ze

pre plné Lukasiewiczove klany ,,podmienovanie cez sac¢in® je kdnonické.
Lema 10. Nech R(.[v) : M(B) — M(T) je pravdepodobnost na M(B) podmie-

nend udalostou v € M(A),0 < [odr = [vdp, definovand pomocou (x). Potom pre
kazdé u € M(B) plati [u.0dr = [g(u).vdp a [odr = [vdp.

(

=, O
Nasledujuci Specidlny pripad moéze byt zaujimavy. Uvazujme g-zdruzeny experi-

ment experimentov (Q, M(A), [(.)dp) a (2, M(B), [(.)dg), pricom su tieto experi-

menty st identické a g = id je identickd pozorovatelna. Nech v € M(A),0 < [vdp.

Potom pre kazdé u € M(A) plati

R(ulv) = %
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aprev=xa4,u=xp,A, B¢ A p(A) >0 dostaneme

_ Juwdp  p(BNA)
Ry = rap = 0(A)

Nakoniec si v§imnime, 7ze zvyc¢ajny pristup k nezavislosti cez podmienent prav-

depodobnost je kompatibilny s naSim pristupom cez stochastické kanaly. Naozaj,
ak g : M(B) — M(A) je degenerované pozorovatelna, tak p X ¢ = p o (id ®g)
a R(ulv) = [udg, ve M(A),0 < [vdp.

Viac sa podmienej fuzzy pravdepodobnosti pomocou stochastickych kanalov

a zdruzenych experimentov venuje R. Fri¢ a P. Eliag v ¢lanku [17].
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Zaver

Predkladana dizertacné praca sa venovala tedrii zovSseobecnenej pravdepodobnosti,
v ktorej je klasicky pravdepodobnostny priestor nahradeny zovseobecnenym pravde-
podobnostnym priestorom. Ambiciou tedrie zovseobecnenej pravdepodobnosti je do
modelu zahrntat okrem aspektu ndhodnosti aj fuzzy aspekt, ¢im mozno na skimany
jav poskytnit komplexnejsi pohlad. Ide vlastne o jednu z reflexii na navrh L. Za-
deha. V teorii figuruju zovseobecnené ndhodné udalosti z mnoziny M(A) v8etkych
A-meratelnych funkcii do jednotkového intervalu, ktorych miera je urc¢ené prav-
depodobnostnym intergralom vzhladom k pravdepodobnostnej miere. Z hladiska
metodického pristupu dizertacné praca pokracuje v duchu kategoridlneho pristupu
R. Frica a M. Papca k zovseobecnenej pravdepodobnosti. Praca predstavila siic¢asné
poznanie v predmetnej oblasti a dosiahnuté vlastné vysledky. Praca pontka pristup
k modelovaniu zovSeobecnenej pravdepodobnosti s vyuzitim Struktary A-posetov,
ktord je izomorfna s D-posetmi, ale ma oproti nim uré¢ité vyhody. V praci bolo vy-
svetlené kategoridlne oddvodnenie modelovania zovSeobecnenej pravdepodobnosti
pomocou meratelnych funkcii a pravdepodobnostnych integralov. Opisala stochas-
ticktl nezavislost a zavislost v teorii zovseobecnenej pravdepodobnosti. Text v ramci
moznosti tejto prace poskytuje pomerne komplexny prehlad o danej problematike.
Dalsim krokom badania v tejto oblasti by mohli byt navrhy konkrétnych prikladov
a moznych aplikécii.

Nasleduje sthrn ,hlavnych myslienok® predkladanej prace:

e L. Zadeh navrhol nahradit klasicky pravdepodobnostny priestor (€2, A, p) zo-
vSeobecnenym pravdepodobnostnym priestorom (2, M(A), [(.)dp), kde M(A)
je mnozina vSetkych meratelnych funkcii z A do [0,1] a [(.)dp je pravdepo-
dobnostny integral vzhladom k miere p. Ale neoddvodnil, prec¢o préave takyto

model.

e Tato praca ukazuje, ze ide o minimalne delitelné kategorialne rozsirenie kol-

mogorovského modelu (epireflexia).

e Pravdepodobnostny integral zachovava prirodzené vlastnosti pravdepodob-

nostnej miery a vytvara aditivnu lineariziciu ndhodnych udalosti.
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Nac¢rtnuté st logické, historické a algebrické vyhody pouzivania A-posetov

namiesto D-posetov alebo inych Struktr.

Je opisané kategoria, v ktorej objektmi st A-posety meratelnych funkeii a mor-
fizmami st sekvenc¢ne spojité A-homomorfizmy. Toto umoznuje pracovat s poj-

mami teorie pravdepodobnosti kategorialne.

V opisanej kategorii je kinonickym sposobom definovana asymetricka stochas-
ticka zavislost a nezavislost a kdnonickd podmienené pravdepodobnost, ktorej
Specidlnym pripadom je klasickd stochasticka zavislost a nezavislost a podmie-

nena pravdepodobnost.

Na jednoduchych diskrétnych tlohach je objasnena potreba ,delitelnosti“
udalosti (teda zavedenie fuzzy udalosti M(A)), stochasticka nezavislost a pod-
stata tedrie zovSeobecnenej pravdepodobnosti a jej prinos: modelovanie kvan-

tovych a (dudlne) fuzzy stochastickych fenoménov.
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ABSTRACT. In fuzzified probability theory, a classical probability space
(Q, A, p) is replaced by a generalized probability space (€2, M(A), [(.) dp), where
M(A) is the set of all measurable functions into [0,1] and [(.)dp is the probabil-
ity integral with respect to p. Our paper is devoted to the transition from p to
J(.) dp. The transition is supported by the following categorical argument: there
is a minimal category and its epireflective subcategory such that A and M(A)
are objects, probability measures and probability integrals are morphisms, M(A)
is the epireflection of A, [(.)dp is the corresponding unique extension of p, and
M(A) carries the initial structure with respect to probability integrals.

We discuss reasons why the fuzzy random events are modeled by M(A)
equipped with pointwise partial order, pointwise Lukasiewicz operations (logic)
and pointwise sequential convergence. Each probability measure induces on clas-
sical random events an additive linear preorder which helps making decisions.
We show that probability integrals can be characterized as the additive lineariza-
tions on fuzzy random events, i.e., sequentially continuous maps, preserving order,
top and bottom elements.

Introduction

In [37], L.A. Zadeh has proposed to replace a classical probability space
(Q,A,p) with a fuzzified probability space (€, M(A), [(.)dp), where M(A)
is the set of all measurable functions into [0,1] and [(.)dp is the probability
integral with respect to p. Fundamental results on fuzzified probability theory
(motivation, definitions of notions, technical results, applications, categorical
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approach) can be found in [4], [5], [12]-[14], [16], [19]-[21], [24], [27], [32], [33],
and in papers cited therein.

In [29], M. Navara observed that no justification to define the probabil-
ity of a fuzzy event f € M(A) by the formula [(f)dp was given by Zadeh
and he discussed two distinct approaches to generalized probability, probability
on tribes and probability on MV-algebras with products [34]. In our contribu-
tion, we present another supportive argument for the transition from (2, A, p)
to (Q, M(A), [(.)dp): categorical approach to generalized probability [17], [20].
Indeed, there is a minimal category and its epireflective subcategory such that A
and M(A) are objects, probability measures and probability integrals are mor-
phisms, M (A) is the epireflection [1] of A and [(.) dp is the corresponding unique
extension of p. Each object M(A) is equipped with the multivalued Lukasiewicz
logic, carries the initial structure with respect to probability integrals, and each
probability integral can be characterized as the additive linearization of fuzzy
random events.

The idea of quantification of uncertainty about the future development
(as a number p, 0<p<1) goes back to Jacob Bernoulli: “The probability namely
is the degree of certainty and differs from it as a part from the whole”
(see [3]). The quantification of future events (assigning a number) induces a lin-
ear (pre)order on the events and helps to conjecture (make decisions). This
explains our understanding of linearization. Besides having philosophical and
methodological aspects, it has contributed to “mathematization” of probability.

Kolmogorov has “mathematized” probability theory (via axioms) in [25].

e At the beginning we have a probability space (2, A, p), where  is the
set of all outcomes of a random experiment, A is a o-field of subsets of €2,
each A € A is called an event, events of the form A = {w}, w € Q, are
called elementary events;

e p: A — [0,1] is a normalized o-additive measure called probability, p(A)
measures how “big” is A € A in comparison to €2; the most important
example is (R, Br, p), where R are the real numbers, By is the real Borel
o-field, and p is a probability on Bg.

Kolmogorov’s axiomatization of probability was actually an attempt to solve
the sixth problem of D. Hilbert: to axiomatize physics, because probability
was considered as part of physics. From the viewpoint of category theory, Kol-
mogorov’s probability has a weak point: it uses Boolean operations on events,
but probability measures do not preserve these operations. The transition from
A to M(A) is a minimal extension of the field of events so that basic maps
become morphisms and the extended probability models the following quantum
phenomenon: a classical outcome (point) can be mapped to a genuine probabil-
ity measure. In fact (cf. [18], [22]), this is related to the divisibility of random
events (each fuzzy random event u € M(A) is divisible in M(A), i.e., for each

2
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positive natural number k we have u/k € M(A), but classical random events
from A fail to be divisible in A).

In what follows, systems of functions X C [0, 1]} are equipped with the nat-
ural pointwise partial order and pointwise convergence of sequences.

Observe that the Lebesgue Dominated Convergence Theorem, LDCT in short,
implies that each probability integral [(.)dp on M(A) (hence each probabil-
ity measure p on A) is sequentially continuous. Consequently, the o-additivity
of a normalized additive measure is equivalent to sequential continuity (not only
to monotone continuity, as usually claimed). For this reason, we consider only
sequentially continuous linearizations.

DEFINITION 0.1. A sequentially continuous map L: M(A) — [0, 1], preserving
order, top and bottom elements, is called a linearization of M(A). If for u,
v € M(A),u(w) +v(w) < 1,w € Q, we have L(u + v) = L(u) + L(v), the L is
said to be additive.

Phenomena in quantum physics motivate studies of generalized probability
and mathematical quantum structures. In order to describe such phenomena,
we seek suitable generalizations of classical models [4], [5], [24]. Random events in
classical probability theory [25] can be generalized in different ways [4], [5], [24],
[27], [31], [34]. For example, generalized random events are modeled by quantum
logics, effect algebras, difference posets, etc. [7], [9], [26], [35].

We use another structure called A-posets which is isomorphic to effect alge-
bras and D-posets [36]. It is defined in terms of a partial order and a partial
operation “addition” which generalizes the original “disjoint disjunction” intro-
duced by G. Boole (cf. [2]) and hence it has a more direct logical interpretation
than the difference in D-posets [7], [26].

1. Why probability integral

In this section we outline arguments from which it follows that probability
integral is the proper quantification of fuzzy random events. Technical details
(definitions and propositions) will be presented in the last section.

L.A. Zadeh in his pioneering paper [37] has proposed to extend random
events, represented by the indicator functions of a sigma-field A of sets, to fuzzy
random events, represented by the set M(A) C [0, 1] of all measurable fuzzy
sets, and to consider the probability integral [(.) dp as the extension of the prob-
ability measure p. Further, he proposed max, min and the usual complementa-
tion as operations on fuzzy random events. In the follow-up papers, Zadeh
concentrates on applications in engineering and soft computing.
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A thorough study of fuzzified probability can be found in [29]. As stated
by Navara, [(.)dpis a natural extension of p, but no justification was given
by Zadeh and Navara discussed two distinct approaches to generalized
probability, probability on tribes and probability on MV-algebras with products.
Our goal is to describe a more complex reason based on the categorical approach
to probability. It can be summarized as follows.

CraMm. There is a suitable category such that

e (A p) and (Q,M(A), I[® dp) are models of probability theory the basic
notions of which are defined within the category in question;

o A, M(A) are objects and p, [(.) dp are morphisms. Moreover, p and [(.) dp
are linearizations characterized by a fundamental property of probability—
—additivity;

e A and M(A) carry the initial structure with respect to all probability
measures on A and with respect to of all probability integrals on M(A),
respectively.

o (2, M(A), [(.)dp) is a “minimal” extension of (Q, A,p). The minimality
1s based on matural properties of fuzzy random events and the extension
can be characterized as an epireflection.

Let us point out some requirements concerning the category in question.
REQUIREMENTS.

o Objects are sets equipped with a suitable structure.
o Morphisms are “structure preserving maps”.

e Both A (boolean structure) and M(A) (fuzzy structure) have to be equipped
with “the same” structure.

e FEach probability measure p: A — [0, 1] and each probability integral has
to be a morphism, hence A, M(A) and [0,1] (equipped with a suitable
structure) have to be objects of the corresponding category.

e Objects of the form M(A) have to form a distinguished subcategory.

Let us recall (cf. [19]) why M(A) is a natural candidate to model fuzzy
random events. Let A be a o-field of subsets of 2. Denote aq, a € [0,1], the
constant function such that aqg(w) = a, w € Q. Then M(A) is the smallest
of all subsets X C [0,1]® containing A (indicator functions of sets in A) and
closed with respect to negations (if v € X, then (1o — u) € X), pointwise
suprema, pointwise sequential limits, and divisible ((1/n)q € X, n € N*). So,
M(A) has the necessary properties of a fuzzification of A and, as we shall see, it
can be equipped with the appropriate structure (multivalued Lukasiewicz logic).
Further, there is a one-to-one correspondence between o-fields and measurable

4
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functions into [0,1] and a one-to-one correspondence between probability mea-
sures and probability integrals. As indicated above, the correspondence is func-
torial (epireflection). Finally, let T = {0, Q} be the trivial field of sets, where Q
is a singleton. Since each function in M(T) is determined by a single number
in [0,1], hence [0,1] can be viewed as M(T).

To sum up, the transition from (€2, A,p) to (Q,M(A),f() dp) has a cate-
gorical background: M(A) is a categorical extension of A and [(.)dp is the
corresponding unique categorical extension (epireflection) of p.

2. Why A-posets

As explicitly stated in [10], any generalized probability theory based on (al-
gebraic) measure theory should be restricted to events for which “there are
enough (generalized) probability measures”. This leads to ID-posets, i.e.,D-posets
of functions, the structure of which is determined by sequentially continuous
D-homomorphisms (see [16], [17], [30]). On the one hand, fuzzified probability
theory by R. Fri¢ and M. Papco is based on the category of ID-posets,
i.e., it uses the language of partial order and difference, but on the other hand,
fuzzy random events are modeled via bold algebras and Lukasiewicz operations
(generalizations of Boolean disjunction, negation and conjunction). Con-
sequently, some mathematical and interpretational effort is needed to pass from
“difference” to “plus”.

Therefore, at ISCAMI 2014, V. Skiivanek has introduced A-posets and
the corresponding category of fuzzy events which serves as an alternative ref-
erence category for the fuzzification of classical Kolmogorov’s probability the-
ory (see [36]). A-posets, D-posets and effect algebras are isomorphic structures
(see [36]), but A-posets lead more directly to the Lukasiewicz logic. A-posets
are defined in terms of a partial order and a partial operation “addition” and
they are motivated by the original approach to logic via “disjoint disjunction” of
G. Boole [2]. The resulting partial operations of disjunction and conjunction
(along with negation) act on generalized random events and lead to a smooth
transition from the classical to fuzzified probability: their extension to binary
operations results in the usual Lukasiewicz operations on fuzzy random events.

DEFINITION 2.1. An A-poset is a system (S,<,0,1,®) consisting of partial
ordered set S with top element 1 and bottom element 0 and a partial binary
operation ¢ such that:

(A1) If a@®bis defined, then b & a is defined and a &b =b & a.
(Ag) If (a®b)Pcis defined, then a® (bPc) is defined and (a®b)®c = a® (bPc).
(A3) For each a € S there exists a unique a® € S such that a @ a® = 1.
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(Ay) If a® b is defined, a; < a and by < b, then a; @ by is defined and a1 ® by <
a®b.

Observe that a ® 0 = a and (Ay) is equivalent to “a @ b is defined if and only if
a < b

If no confusion can arise, then an A-poset (5,<,0,1,®) will be condensed
to S.

DEFINITION 2.2. Let S and S5 be A-posets and let h be a map on S7 into
Sy preserving the order, constants, and addition. Then A is said to be an A-ho-
momorphism.

EXAMPLE 2.3. Let A be a field of subsets of 2. Then A can be reorganized into
an A-poset as follows:

(i) A is partially ordered by inclusion.
(ii) () and Q represent the bottom element and the top element, respectively.
(iii) For A € A define A°=Q\ A.
(iv) For A,B € A define A® B= AU B if and only if AN B = (.
Clearly, axioms (A;)—(A4) are satisfied.

EXAMPLE 2.4. Let X C [0, 1]® be a system of functions on 2 into [0,1] such that
the constant functions Oq, 1 belong to X', if u € X then 1g —u e X, if u,v € X
and v <1lg —u then u +v € X.

(i) For u € X define u® = 1g — u.
(ii) For u,v € X,v < 1q — u, define u ®v = u +v.

Then X equipped with the pointwise partial order becomes an A-poset. Let A
be a o-field of subsets of 2. Denote s(A) the simple functions in M(A), i.e.,
functions of the form Y . | c;xa,, where ¢; € [0,1], Ay, Aa, ..., A, are disjoint
subsets in A covering 2, and n is a natural number. Then s(A) and M(A)
(hence also [0,1] considered as M(T)) can be viewed as A-posets. Observe that
s(A) is divisible. Let A be a o-field of subsets of 2. Denote e; the embedding
of A into s(A) and denote ey the embedding of s(A) into M(A). Clearly, e,
e2, and their composition e o e; are A-morphisms.

In what follows, the composition es o e; will be denoted as id. Clearly, the
A-homomorphisms e, ez, and the composition id = ey o e; are sequentially
continuous with respect to the pointwise convergence of functions.

LEMMA 2.5. Let A and B be fields of subsets of Q2 and =, respectively. Let h be
an A-homomorphism of B into A, considered as A-posets. Then h is a Boolean
homomorphism.

6
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Proof. Clearly, h(Z) = Q and h(() = (. Let By, By € B, By N By = (). The

h(B1UBg) = h(B1@®B2) = h(B1)®h(B2) = h(B1)Uh(Bs) and h(B;1)Nh(Bs3) = 0.
Consequently, h(BU(E\ B)) = Q = h(B)Uh(E\ B), where h(B)Nh(E\ B) =0
and hence h(B¢) = h(B)°. Further, for By, Bs € B the set B; U By is the union
of three disjoint sets By \ By, B1 N By and By \ Bi, h(Bj) is the disjoint union
of h(B1) \ h(B1 N Bs) and h(B; N Bsy), h(B2) is the disjoint union of h(Bs) \
h(B1 N Bs) and h(By N By). Necessarily, h preserves the union of two sets. From
De Morgan’s laws it follows that h preserves also the intersection of two sets.
Thus h is a Boolean homomorphism. U

Recall the notion of a categorical product of two objects. An object A to-
gether with two morphisms (called projections) pr;: A — A;, i = 1,2, is called
the product of two objects A; and As, called factors, if for each object B and
each two morphisms h;: B — A;, i = 1,2, there exists a unique morphism
h: B — A such that pr; oh = h;, i = 1, 2. The product of an indexed family of
factors is defined analogously. If the product exists, then it is unique (up to an
isomorphism).

Denote A the category with A-posets as objects and A-homomorphisms as
morphisms.

LEMMA 2.6. The category A has products.

Proof. Let A; and Ay be A-posets. Let A be the set of all pairs (ai,a2),
a; € A;, i = 1,2. Define projections pr;: A — A;, © = 1,2, in the usual
way: pri(ai,az) = ay and pra(ay,as) = ag. Define the A-poset structure on A
pointwise. It is easy to see that A together with projections pr;,i = 1,2, is the
categorical product of A; and As. The product of an indexed family of A-posets
is constructed analogously. 0

3. Generalized random events

In [36] R. Fric¢ and V. Skfivédnek introduced a fuzzified probability on
A-posets of functions. The resulting generalized random events form a probabil-
ity domain (cf. [16], [19], [20]) cogenerated by the closed unit interval I = [0, 1],
considered as an A-poset. Such probability domains are analogous to ID-posets
(cf. [16], [30], [31]) but, unlike the partial operation difference & in an ID-poset
X C IX, the partial operation addition @ has a clear logical interpretation:
“disjunction for disjoint fuzzy events”.

The Boolean logic can be extended to fuzzy events in many ways. In particu-
lar, via the Lukasiewicz logic. As pointed out by D. Mundici in [28], among
all continuous t-norms, Lukasiewicz conjunction is the only one yielding a logic
with a continuous implication connective.
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DEFINITION 3.1. An A-poset of functions whose values are in [0, 1] is said to be
an IA-poset. A sequentially continuous A-homomorphism of an IA-poset X C IX
into I is said to be a state. A sequentially continuous A-homomorphism of an
IA-poset X C IX into an IA-poset ) C IY is said to be an observable.

DEFINITION 3.2. Lukasiewicz tribe is a system X C [0, 1] closed with respect
to pointwise sequential limits, containing the constant functions Oq, 1o and
closed with respect to the usual Lukasiewicz operations disjunction, conjunction,
negation defined pointwise: for u,v € X and w € ) we put

o (u®v)(w) = u(w)®v(w) =min{l,u(w) + v(w)};
o (u®V)(w) = uw)®v(w) =max{0,u(w) +v(w) — 1};

o u'(w)=1-—u(w).

Obviously, each o-field A and the corresponding measurable functions M(A)
are canonical examples of Lukasiewicz tribes (see also [11]). As pointed out
in [22], the upgrading of classical probability lies in the divisibility of M(A).

Let X C [0,1]® be a Lukasiewicz tribe. Then there exists a unique o-field
A x of subsets of €2 such that Ay C X C M(Ay). Moreover, X = M(Ay) if
and only if X’ contains all constant functions rq,r € [0, 1] ([6], [35]). Lukasiewicz
tribes of the form M(A) are said to be a full. We say that two Lukasiewicz
tribes X C [0,1]% and Y C [0,1]® are equivalent whenever Ay = Ay. Clearly,
Ay and M(Ay) are equivalent. Further, Ay and M(Ay) are extremal, Ay
is the bottom element and M(A y) is the top element in the equivalence class
in question.

If we identify A C Q and its indicator function x4 € {0,1} xa(w) = 1 for
we Aand xa(w) =0 for w € A then each indicator function can be viewed as
a Boolean propositional function ”w belongs to A” and each measurable function
can be viewed as a fuzzy propositional function.

Observe that G. Boole used partial union. He did not introduce Boolean
algebra, it was introduced later [2]. Accordingly, the A-poset of fuzzy sets is
a natural fuzzification of the original Boole’s idea.

Denote by A the category having [A-posets as objects and sequentially con-
tinuous A-homomorphisms as morphisms. To deal with the transition from A to
M(A) in terms of category theory, we introduce the following subcategories of
[A: the objects of LIA are Lukasiewicz tribes, the objects of ELIA are extremal
Lukasiewicz tribes (bottom or top elements in an equivalence class), and the
objects of FELLIA are full Lukasiewicz tribes.

CrLAims.

e Basic notions of the classical probability theory: random events and Boolean

logic operations, random variables, and probability measures can be defined
within ELIA.
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Via the epireflection, to each classical probabilistic notion there corresponds
its “fuzzified” notion within FEILIA.

All “stochastic maps” become morphisms in FELIA.

e Basic constructions in probability theory become categorical.

M(A) carries the initial A-poset structure with respect to states, i.e., mor-
phisms into [0,1] = M(T) (cogenerator).

The next lemma is a categorical bookkeeping.

LEMMA 3.3. Let Xy, t € T, be an indexed family of A-posets and let X be product
Of Xt, tefT.

(i) Let each X; be an object of LIA. Then X is an object of LIA.
(ii) Let each X; be an object of FELIA. Then X is an object of FELIA.

Proof. (i) Each X; is a Lukasiewicz tribe consisting of functions on a set
Q; into [0,1], t € T. Let € be their disjoint union. Then each v € X is
represented as a function on 2 into [0,1] “disjointly glued” of functions
from X;, t € T, and X is equipped with the pointwise A-structure. Clearly,
X is an object of LIA.

U
(ii) follows from (i).

4. Epireflection

As outlined in introductory sections, the transition from (2, A,p) to
(2, M(A), [(.) dp) can be described in terms of a categorical epireflection. In this
section we state and prove the underlying assertions.

In [15], it has been proved that the category of full Lukasiewicz tribes is
an epireflective subcategory of the category of bold algebras and sequentially
continuous D-homomorphisms (see also [23]). This is a rather general assertion
and the proof of it uses powerful machinery of abstract analysis. On the one
hand, the transition from A to M(A) and from p to p = [(.)dp is a corollary
of this general assertion, on the other hand, our assertions and their proofs are
rather transparent and appropriate to describe the transition from the classical
probability to its “minimal” fuzzification within ELIA.

LEMMA 4.1. Let A be a o-field of subsets of Q, let p: A — [0, 1] be a probability
measure, and let p = [(.)dp be the corresponding probability integral on M(A).
Then

(i) P can be viewed as a sequentially continuous A-homomorphism of M(A)
into M(T);
(ii) p can be viewed as a sequentially continuous A-homomorphism of A into

M(T).
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Proof.
(i) We consider [0,1] as M(T). Due to the LDCT 7 is sequentially continu-

ous. Since each probability integral, as a mapping of M(A) into M(T),
preserves order, constants and addition, the assertion holds true.

(ii) Since p is the restriction of p to the A-poset A, (ii) follows from (i). [

LEMMA 4.2. Let A be a o-field of subsets of 2 and let h be a sequentially
continuous A-homomorphism of A into M(T). Then h is a probability measure.

Proof. Consider h as a mapping of A into [0,1]. Clearly, h(0)) = 0, h(2) = 1 and
h(AUB) = h(A)+ h(B) whenever AN B = (). Since h is sequentially continuous,
it follows that h is o-additive and hence a probability measure on A. O

Consequently, probability measures are exactly sequentially continuous A-ho-
momorphisms of o-fields of sets into M(T).

LEMMA 4.3. Let A and B be fields of subsets of Q0 and =, respectively.

(i) Let g and h be a sequentially continuous A-homomorphisms of s(A) into
M(B). If g(A) = h(A) for all A € A, then g = h.
(ii) Let g and h be a sequentially continuous A-homomorphisms of M(A) into
M(B). If g(A) = f(A) for all A € A, then g = h.
(iii) The sequentially continuous A-homomorphism id: A — M(A) is an epi-
morphism.
Proof.

(i) Let [ be a positive natural number. Then for each natural number k, k <[,
and each A € A we have g((k/l)xa) = (k/1)g(xa) = (k/Dh(xa) =
h((k/l)xa). Consequently h and g coincide on all >  ¢;xa, € s(A),
where ¢;,7 = 1,2,...,n, are rational numbers in [0,1]. Since g and h are
sequentially continuous, it follows that g = h.

(ii) It follows from (i) that g and h coincide on s(A). The assertion follows
from the fact that each v € M(A) is a limit of a sequence {u,}32 ;, where
un, € s(A) and g(u,) = h(uy). Indeed, g and h are sequentially continuous
and hence g(u) = lim,, 00 g(Un) = limy, o0 h(uy) = h(u).

(iii) Let g and h be a sequentially continuous A-homomorphisms of M(A) into
M(B) such that g(A) = f(A) for all A € A. Then goid = hoid. We have
to verify that g = h. But that is exactly what (ii) claims.

g

LEMMA 4.4. Let A be a o-field of subsets of (2 and let h be a sequentially contin-
uous A-homomorphism of A into M(T). Then there exists a unique sequentially
continuous A-homomorphism hs of s(A) into M(T) extending h over s(A).

10
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Proof. According to Lemma 4.2, h is a probability measure on A. Denote
h = [(.)dh the corresponding probability integral on M(A) and denote hs the
restriction of h to s(A). It follows from Lemma 4.1 that A is a sequentially contin-
uous A-homomorphism on M(A) into M(T) and hence h; is a sequentially con-
tinuous A-homomorphism on s(A) into M(T) which extends h. By Lemma 4.3,
hs is uniquely determined. O

LEMMA 4.5. Let A be a o-field of subsets of ) and let hs be a sequentially
continuous A-homomorphism of s(A) into M(T). Then there exists a unique
sequentially continuous A-homomorphism h,, of M(A) into M(T) extending hs

over M(A).

Proof. It follows from Lemma 4.4 that there is a unique probability measure h
on A such that hy is the restriction of the probability integral [(.)dh on M(A)
to s(A). It suffices to put h,, = [(.)dh. By Lemma 4.3, h,, is determined
uniquely. U

THEOREM 4.6. Let A be a o-field of subsets of ) and let h be a sequentially
continuous A-homomorphism of A into M(T). Then there exists a unique se-
quentially continuous A-homomorphism h,, of M(A) into M(T) extending h

over M(A).

Proof. It follows from the previous lemmas that h is a probability measure
on A and h,, is exactly the probability integral h = [(.) dh on M(A), which is
uniquely determined. ]

COROLLARY 4.7. Let A be a o-field of sets and let L be a map of M(A) into
[0,1]. Then the following are equivalent

(i) L is an additive linearization.

(i) There exists a unique probability measure p on A such that L = [(.)dp.

THEOREM 4.8. Let A and B be fields of subsets of ) and =, respectively. Let h be
a sequentially continuous A-homomorphism of A into M(B). Then there exists
a unique sequentially continuous A-homomorphism h,, of M(A) into M(B)
extending h over M(A).

Proof. Let [0,1]* be the categorical power of [0,1] = M(T), let pre, € € Z,
be the projection of [0,1]% to its {th factor, let e be the embedding of M (B)
into [0, 1]%, and let id be the embedding of A into M(A). Then the composition
p¢ = pre o e o h is a probability measure on A and, according to Theorem 4.6,
pe can be uniquely extended to a sequentially continuous A-homomorphism pg
over M(A), see Fig. 1. Since [0, 1] is the categorical power of [0,1], there exists
a unique sequentially continuous A-homomorphism hz of M(A) into [0, 1]= such
that (for each £ € =) the diagram in Fig. 2 commutes. Now, it suffices to prove

11
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(11

A—" 5 MB) —— [0,1]F = [0,1]

A pe=preoeoch ; [O, 1]
4 ////,,
id /,,f”/’EI/!E
M(A) VéEe =
FIGURE 1

that for each u € M(A) we have hz(u) € M(B). This yields the desired unique
extension h,, : M(A) — M(B), see Fig. 3.

Let A € A. From Fig. 1 it follows that for all £ € = we have pg(xa) =
pre(h(xa)) = pre(h=(xa)) and hence h(xa) = h=(xa). Thus him(xa) = h(xa)
and h,, is a sequentially continuous A-homomorphism of M(A) into [0, 1]= such
that hp,(xa) € M(B). Let u = > | cixa, € s(A), where all ¢; are rational
numbers in [0,1]. Then hp,(u) = Y., cih(xa,) € M(B) and hence hy,(u) €
M(B) for all u € M(A). Finally, it follows from Lemma 4.3 that h,, is uniquely

determined. ]
0,17  [0,1]
’\ -
13l he —
| Pe
M(A) VéE e =
FIGURE 2
Ay [0,1]% .
A » M(B)
” L
id o
id .- 3,
M(A) b () = h=(.)
FIGURE 3.
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COROLLARY 4.9. Let A and B be fields of subsets of 2 and =, respectively. Let
h be a sequentially continuous A-homomorphism of A into B. Then there exists

a unique sequentially continuous A-homomorphism h,, of M(A) into M(B)
such that h(A) = h,,(A) for all A € A.

THEOREM 4.10. FELLIA is an epireflective subcategory of the category EILIA,
where M(A) is the epireflection of A.

Proof. Let O be an object of ELIA, let M(B) be an object of FELIA, and let
h: O — M(B) be a morphism. Then O is either of the form A or M(A) for
some o-field of sets A. Since (cf. (iii) in Lemma 4.3) the embedding of O into
M(A) is an epimorphism, we have to prove that h can be uniquely extended
over M(A). In the first case the assertion follows by Theorem 4.8 and in the
second case the assertion is trivial. 0

CONCLUSION.

e Observables are morphisms in EILIA. To each classical observable
h: A— B there corresponds a unique observable
P : M(A) — M(B) which extends h.

e Probability measures and probability integrals are exactly observables into
M(T).

o M(A) is the epireflection of A and M(A) carries the initial A-poset struc-
ture with respect to probability integrals.

e Probability integrals are exactly additive linearizations.
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ABSTRACT. In a fuzzified probability theory, random events are modeled by
measurable functions into [0,1] and probability measures are replaced with proba-
bility integrals. The transition from Boolean two-valued logic to Lukasiewicz mul-
tivalued logic results in an upgraded probability theory in which we define and
study asymmetrical stochastic dependence/independence and conditional prob-
ability based on stochastic channels and joint experiments so that the classical
constructions follow as particular cases. Elementary categorical methods enable
us to put the two theories into a perspective.

Introduction

We deal with the transition from a classical probability space (€2, A, p), where
() is the set of outcomes of a random experiment, A is a o-algebra of subsets of 2
modeling Boolean random events, and p is a probability measure on A [27], [32],
to (€, M(A), [(.)dp), or (P(A), M(A), [(.)dp), where M(A) is the set of all
measurable functions on € into [0,1], equipped with the multivalued Lukasiewicz
logic and modeling fuzzy random events (such objects are called full Lukasiewicz
tribes), [(.)dp is the probability integral on M(A) modeling the probability of
fuzzy random events, and P(A) is the set of all probability measures on A.
It is an upgrade which enables to model some new phenomena [4], [5], [14], [16],
[17], [18], [19], [21], [23], [24], [33], [34], [35], [36], [41], [44].
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The present paper is devoted to stochastic dependence/independence in the
realm of fuzzy random events, based on stochastic channels and joint experi-
ments. In Section 1 we present some commutative diagrams describing the clas-
sical case, and Section 2 is devoted to their generalizations. While the classical
stochastic independence is symmetrical, in Section 3 we define and study asym-
metrical stochastic independence and the symmetrical stochastic independence
can be seen as the conjunction of the asymmetrical ones. In the last section,
we construct conditional probability in terms of a joint experiment and discuss
how the construction is related to generalized probability on quantum structures
with product [10], [31].

1. Classical case

Let (©2,A) and (Z,B) be measurable spaces and let f: { — = be a mea-
surable map. In what follows, we identify each set and its indicator function.
The preimage map [, f<(B) = {w € f(w) € B}, B € B, is a sequentially
continuous (with respect to the pointwise sequential convergence of indicator
functions) Boolean homomorphism of B into A. Further, f< defines a map
Ty« on the set P(A) of all probability measures on A into the set P(B) of all
probability measures on B (called a statistical map, a distribution map, a push-
forward): Tt« (p) is the composition po f, p € P(A).

Let (2, A, p) be a probability space. Recall that two systems of measurable
sets B, C C A are said to be stochastically independent if p(BNC') = p(B).p(C)
whenever B € B and C' € C. Observe that in the classical probability theory
the notion of stochastic independence is symmetrical.

Probability spaces (2, A,p), p € P(A), describe random experiments hav-
ing the same fixed component (2, A), and p € P(A) represents the “choice”
of suitable probability measure, representing “the law of randomness”, one of all
possible probability measures related to the experiment in question. Let (=, B)
be another measurable space and let f: {2 — = be a measurable map. Then,
a choice of p € P(A) determines the choice p o f< € P(B). We say that f*
pushes forward p to p o f or that f< “conveys the stochastic information
pon A to po f on B”. We shall study stochastic independence/dependence
in terms of how diagrams of measurable maps influence choices of probability
measures on the corresponding o-fields of random events. Generalizations will
be studied in the next sections and the results support the upgrading of classical
probability theory.
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Let (2 x 2, A x B) be the usual product of (2, A) and (Z,B), let pry:  x
= — Q, pra: Q x E — Z be the usual projections (prl( L) =w, pra(w, &) =€,
wEQ,feE),letpr‘l_:A—>A><Bandpr§_:B—>A><Bbethecorre—
sponding measurable preimage maps.

Let A € A, B € B. Then, pri (A) —Ax:andpr2 (B) = Q x B. For
r € P(A x B), the compositions r o pr{~ and r o pr§~ define lateral maps L :
P(AxB) — P(A)and Ly: P(AxB) — P(B), respectively. On the one hand,
each “product” experiment (2 x =, A x B, r) defines two “lateral” experiments
(Q, A, Ll(r)) and (2, B, L2(r)), see Figure 1. On the other hand, Figure 1 leads
to the notion of a joint experiment.

[0,1]
Ll(’l“)
#
A" s AxB+™ B
FIGURE 1.

DEFINITION 1.1. Let (2, A,p) and (£, B, q) be classical random experiments.
Let r € P(A x B) and let Li(r) = p, La(r) = q. Then, (2 x 2, A x B, ) is said
to be a classical joint experiment.

Let (22, A,p) and (2, B, q) be random experiments. Denote 7 (p, ¢) the corre-
sponding set of all joint experiments (2 x Z, A x B, r). Let p x ¢ be the product
measure ((p X ¢)(Ax B) =p(A).q(B), A€ A, B € B). Since L1(p x q) = p and
La(p x q) = q, the set J(p, q) is not empty. Observe that (in a nontrivial case)
equations L1 (r) = p and La(r) = g do not determine r uniquely.

Further, let (A, C) be a measurable space and let f: A — Q, g: A —
be measurable maps. Then, there is a unique measurable map h: A — € x
such that pry o h = f and pro o h = g, namely h(A) = (f(A),g())), A € A.
Indeed, (2 x Z, A x B) is the categorical product of measurable spaces (2, A)
and (2, B). (Recall, see, e.g., [1] that an object O; x O3, along with projections
pri : O1 x Oy — O;, i = 1,2, is the product of objects O; and O, whenever
for each object O and each pair of morphisms f;: O — O;, i = 1,2, there
exists a unique morphism f: O — O; x Os such that f; = pr;o f, 1 = 1,2;
all objects and morphisms belong to a given category.) Denote h = f ® g.
Consequently, a choice s € P(C) uniquely determines the choices p € P(A),
g€ PB), re P(AxB),such that p=so fT, g=s0g ", r=5s0(f®g)"
(see Figure 2).

(1] [1]
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A"  AxB« P B

f<—

[0, 1]
FIGURE 2.

The proof of the following lemma is straightforward and is omitted.

LEMMA 1.2. Let (2,A,p), (E,B,q) and (A, C,s) be classical random experi-
ments. Let f: A — Q, g: A — = be measurable maps such that

sofT=p and sogT =gq.

Let (A x ZE,A xB,r) be a joint experiment of (2, A,p) and (£,B, q). Then, the
following are equivalent

() F(A) = {/=(A):Ac A} and g=(B) = {g~(B): B ¢ B)
are stochastically independent in (A, C, s);

(i) pri (A) ={AxE;A€ A} and pri (B) = {Q x B; B € B}
are stochastically independent in (2 X 2, A x B,p X q);

(iii) r=p x q.

DEFINITION 1.3. Let (2xZ, AxB,7) be a classical joint experiment of (2, A, p)
and (2,B,q) and let 7 = p x q. Then, (2, A,p) and (E,B,q) are said to be
stochastically independent in (2 x =, A x B, r).

Remark 1.4. Since the probability » € P(A x B) in the joint experiment of
(Q,A,p) and (E,B,q) is not uniquely determined, probability spaces do not
admit categorical products. Lemma 1.2 implies that (2 x 2, A x B, p x q), along
with the projections pr;, ¢ = 1,2, can be viewed as the “independent categorical
product”. Indeed, if (A, C, s) is a probability space, f: A — Q and g: A — =
are measurable and measure preserving maps such that f<(A) and ¢ (B) are
stochastically independent in (A, C, s), then there exists a unique measurable
and measure preserving map h: A — Q x Z such that prioh = f, prooh = g,
and hence s o h*™ = p x ¢q. For a categorical approach to generalized stochastic
independence, the reader is referred to [13].
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As we shall see, the transition from Boolean logic to multivalued Lukasiewicz
logic enables us (modifying the diagram in Figure 2) to define asymmetrical
independence for fuzzified random experiments so that the symmetrical (mutual)
independence becomes the conjunction of two asymmetrical ones.

2. Fuzzified case

In this section, we recall basic notions of the upgraded probability theory and
develop a fuzzification of the joint experiment leading to asymmetrical indepen-
dence.

In the categorical approach to probability theory [17], we start with a suitable
category in which basic notions of probability theory can be viewed as objects
and morphisms. Traditionally, the category D of D-posets and sequentially con-
tinuous D-homomorphisms (or the isomorphic category of effect algebras) serves
the purpose. As pointed out in [42], [2], the isomorphic category A of A-posets
has the advantage over D in the sense that A-posets capture the logic of opera-
tions on random events and follow the original ideas of G. Boole [3].

In order to model events in quantum probability, D-posets have been intro-
duced in [29]. They generalize Boolean algebras, MV-algebras and other proba-
bility domains, and provide a category in which observables and states become
morphisms [6]. Recall that a D-poset is a partially ordered set X with the greatest
element 1x, the least element Ox, and a partial binary operation called differ-
ence, such that a © b is defined if and only if b < a, and two natural axioms are
assumed. A D-homomorphism is a map preserving the D-poset structure (partial
order, constants, difference). Recall that each D-poset can be reorganized into
an effect algebra [12] and the two structures are equivalent (cf. [9], [37]).

Recall that an A-poset is a system (5,<,0,1,®) consisting of a partially
ordered set S with top element 1 and bottom element 0 and a partial binary
operation ¢ such that:

(A1) If a@®bis defined, then b @ a is defined and a &b =b & a.

(Ag) If (apb)@cis defined, then a® (bdc) is defined and (a®b)Be = ad (bbc).

(A3) For each a € S there exists a unique a® € S such that a ® a° = 1.

(Ay4) If a® b is defined, a1 < a and by < b, then a; @ by is defined and a1 ® by <
a®b.

If no confusion can arise, then an A-poset (5, <,0,1,®) will be condensed to S.
To avoid unnecessary formalism, if S; and Sy are A-posets, then the order,
constants, and the addition in S; and S2 will be denoted by the same sym-
bols “<,0,1,8”. Let S; and Sy be A-posets and let A be a map on S; into Ss
preserving the order, constants, and addition. Then, h is said to be an A-homo-
morphism.
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Remark 2.1. Simple calculations show that a @ 0 = a and (A4) is equivalent
to “a @ b is defined if and only if a < b°”. Further (cf. [42]), the following holds

(A3™) For each b € S and each a € S, a < b, there exists a unique a; € S
such that a @ a;, = b.

The element a;, € S in (A3") is called the relative complement of a in b.
Clearly, if b = 1, then a;, = a°. Condition (A3™) amounts to (the unique)
“solvability” of the equation a ® x = b, a < b.

A-posets and D-posets are isomorphic structures. Indeed, let S be a poset,
with the smallest element 0 and the largest element 1, then partial operations
“addition” and “difference” are dual via “a®x =>5 if and only if b&x =a”, where x
is the relative complement of a in b. Moreover, a map is an A-homomorphism
if and only if it is a D-homomorphism. Consequently, D and A are isomorphic
categories and, moreover, isomorphic are the corresponding subcategories of D
and A. This makes possible to use deep results on Lukasiewicz tribes, observables,
state maps, and statistical maps formulated in terms of D-posets (e.g., in [11],
[15], [22], [23]) as the corresponding results in terms of A-posets.

In the upgraded probability theory, the notion of random experiment is modi-
fied as follows. Classical random events A are extended to M(A) (each A € A is
considered as the indicator function y 4 € M(A) (xa(w) = 1) whenever w € A
and xa(w) = 0 otherwise), the set {2 of outcomes of a classical random experi-
ment is extended to P(A) (each w €  is considered as the corresponding Dirac
measure J,, € P(A)), each probability measure p € P(A) is extended to the
corresponding probability integral p = [(.)dp on M(A) (P reduced to A can
be considered as p). Here, (P(A), M(A)) represents the “hardware” and [(.)dp
represents the “stochastics” of experiment.

DEFINITION 2.2. Let (2, A) be a measurable space. Then, (P(A), M(A)) is said
to be an event space and (P(A), M(A), [(.)dp) is said to be an experiment.

Let (P(A),M(A), [(.)dp) and (P(B), M(B), [(.)dg) be two experiments.
Then, instead of a measurable map f: ) — = and its preimage map f<: B — A,
we start with a sequentially continuous A-homomorphism g: M(B) — M(A)
(g is an A-homomorphism which preserves sequential limits with respect to
pointwise convergence), called observable, and f is replaced with a map
Ty: P(A) — P(B), called statistical map. Recall [4], [14], [17], [22], [24], [37],
[38] that a big difference is that an observable g: M(B) — M(A) can map
a crisp event B = yp € B to a genuine fuzzy random event g(xp) € M(A)\ A
and, dually, T, can map a Dirac probability measure J,,w € €2, to genuine
probability measure ¢ = Ty(6,,),0 < g(B) < 1 for some B € B. Note that the
closed unit interval [0,1] will be considered as M(T), where T is is the trivial
o-algebra (2 = {w}, T = {0, Q}, we identify a € [0,1] and a(w) € M(T)), and
probability integrals on M (A) are observables into M(T). In the sequel, we shall
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utilize the following fact. Let g: M(B) — M(A) be an observable. For each
probability integral p = [(.)dp on M(A), the composition p o g of two observ-
ables is an observable, and hence a probability integral g = [(.)dg on M(B).
This yields the statistical map T,: P(A) — P(B) sending p to ¢ = T,(p).
For u € M(B) we have [ud(Ty(p)) = [g(u)dp and, for p = 6, w € Q, we get
(9(w)(w) = [9(u)d(de) = [ud(Ty(d))-

Event spaces generalize measurable spaces and statistical maps generalize
measurable maps.

To develop the notion of asymmetrical stochastic independence, we shall de-
fine a joint experiment.

DEFINITION 2.3. Let (P(A), M(A), [(.)dp) and (P(B), M(B), [(.)dg) be two
experiments. Then, (P(A x B), M(A x B), [(.)dr), where r € P(A x B) and
Li(r) = p, La(r) = q, is said to be a joint experiment.

Note that the lateral (marginal) maps Li: P(A x B) — P(A) and Ls:
P(A x B) — P(B) generalize the classical projections (of outcomes) pry: € x
= — Q and pro: Q x = — =. The dual maps are defined in a canonical
way. For u € M(A), define u € M(A x B) as follows: for w € Q, £ € Z, put
u(w, &) = u(w) and denote e;: M(A) — M(A x B) the resulting canonical
embedding sending u to u; ex: M(B) — M(A x B) is defined analogously
(U(w, &) =v(€)). Clearly, Ly = Te, and Ly = T,, (fudp = [udr,u € M(A) and
[vdg = [vdr,v € M(B)).

A “stochastic channel” is a channel through which a “stochastic informa-
tion” flows from one event space into another event space. In the classical
case, pairs (f, f7) serve the purpose and, in the upgraded case, the dual maps
(cf. [23]) an observable g: M(B) — M(A) and corresponding statistical map
T,: P(A) — P(B) play the key role.

DEFINITION 2.4. Let (P(A), M(A)) and (P(A), M(B)) be event spaces, let
g: M(B) — M(A) be an observable and let T,: P(A) — P(B) be corre-
sponding statistical map. Then, (g,Ty) is said to be a stochastic channel.

Central to our investigations is the following

QUESTION. How an observable g: M(B) — M (A) or, more precisely, the cor-
responding stochastic channel (g, T, ), influences the joint experiment (P(A xB),

M(A x B), [(.)dr)?

Let (2, A), (E,B), (A, C) be measurable spaces, let f: M(A) — M(C) and
g: M(B) — M(C) be observables, let T : P(C) — P(A) and T,: P(C) —
P(B) be the corresponding statistical maps. For A € A, let §, be the Dirac
probability point-measure (J)(C)=1 for A€ C € C and 0,(C)=0 otherwise) and
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let T4 (dx) x Ty(05) be the corresponding product probability measure on A x B.
For u € M(A x B), put

(h(u))(N) :/ud(Tf(é,\) x Ty(6x)), A €A, (®)

and denote h the resulting map of M(A x B) into [0, 1]*.
PROPOSITION 2.5.

(i) h is an observable of M(A x B) into M(C).

(ii) Let ey: M(A) — M(A x B) and ez: M(B) — M(A x B) be the
canonical embeddings. Then, hoe; = f and hoey = g.

Proof. (i) It follows directly from (®) that h is sequentially continuous, pre-
serves order, constants, and the partial operation & of addition (i.e., h(v+u) =
h(v) + h(u) whenever u,v € M(A x B), u < (1—v)). Let u e M(A x B).
It remains to prove that h(u) € M(C). The assertion follows from Fubini theo-
rem. Indeed,

(b)) = | ( / u(w,@d(Tg((sA))) A(Ty(82)),
where [Cu(w, §)d(Ty(6y)) is an A-:measurable function v € M(A). Then,
[Jedmi60) = [£03a63) = (GO,

A

Q
and hence, h(u)= f(v) € M(C). This proves (i).
(ii) Let u € M(A). By (®) and from Fubini theorem,

(h(el(u))> (A) = /el(u)d(Tf((S/\) X Tg((;/\))
- [([uw.oamen) ). rea
5 \E

Since for w € @ and £ € E, we have (e1(u))(w,§) = u(w).1z(§), where
1=(&) =1 for all € € Z, the last integral reduces to

1w = (r)o.
Thus, hoe; = f. The proof of h o eg = g is analogous. U
COROLLARY 2.6. The diagram in Figure 3 commutes.

DEFINITION 2.7. Let f: M(A) — M(C) and g: M(B) — M(C) be ob-
servables. Then, the observable h: M(A x B) — M(C) defined by (®) is said
to be the product of observables f and g; it will be denoted by f ® g.
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M(A) —2— M(A x B) +Z2— M(B)

FIGURE 3.

PROPOSITION 2.8. Let f ® g: M(A x B) — M(C) be the product observable
and let Trgy: P(C) — P(A x B) be the corresponding statistical map.

(i) For each A € A, we have Tygq(0x) = Tt (0x) X Ty(6y).

(ii) Let==Q, C=A, and let f be the identity observable id: M(A)— M(A).
Then, for each w € Q, we have Tiqgq(w) = 0w, X Ty(dy,).

Proof. (i). We have to show that for each A x B, A € A, B € B we have

(Treg(03)) (A x B) = (Ty(dx) x Ty(0x))(A x B) = (Ty(dx))(A)-(Ty(dx)) (B).
From Ttgq(dx) € P(A x B), we get

(Treg(0x)) (A x B) = /XA-XBd(Tf®g(5,\))

- / (f © 9)(xaxs)d@r) = (f © 9)oxaxs) (V).
From ((®)), it follows that
(f @ 9) % (xaxs)(A) = /XA.de(Tfm T, (53)).

Using Fubini theorem, we get

(7@ 9) x (ann)) = ( [rad(Ty(6)).
(/XBd(Tg((S)\))> = (T (6x) x T4(6x))(A x B).

This completes the proof of (i).
(ii). Let weQ, A € A, BeB. Recall that (T;az4(d.))(A x B) = [(id ® g) %
(xa-xB)dd, and, according to (®), we have

(1d® g)(xa.xB)(w) = /XA-XBd(5w x Ty(0u)), w € Q.

Consequently, ((id ® g)(xa.xB))(w) = 0u(A4).(Ty(0w))(B) and hence,
(Tid®g(5w))(A X B) = 5w(A)'((Tg)(5w))(B)-
This completes the proof of (ii). O
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Remark 2.9. Observe that the notions of a statistical map and the product
T® S of two statistical maps T': P(C) — P(A) and S: P(C) — P(B) can be
defined directly via a Markov kernel (see, e.g., [4], [11], [24]). Since two statistical
maps are equal whenever they coincide on Dirac probability measures and since
(T'® S)(dx) = T(5x) x S(6x) for all A € A, where A is the underlying set of C,
it follows that in the preceding proposition we have Ttg, = T @ T,.

PROPOSITION 2.10. Let id: M(A) — M(A) be the identity observable, let
g: M(B) — M(A) be an observable, let T;q: P(A)— P(A) andT,: P(A) —
P(B) be the corresponding statistical maps. Then, there is a unique statistical
map T: P(A) — P(A x B) making the diagram in Figure / commutative
(LioT =Tiq, LooT =T,) and T = Tqgg.

P(A) «2— P(A x B) —2 P(B)

A

# #

]
]
|
T
|
]
]
]

P(A)
FIGURE 4.

Proof. First, (ii) in the preceding proposition implies that for each é,, € P(A),
w € Q, we have Tj4g4(0,) = 0w X Ty(6,). Hence, (L 0 Tiagg)(dw) = Tia(d.,) and
(L2 0 Thiagg) (0w) = T4 (dw). Again, since two statistical maps are equal whenever
they coincide on Dirac probability measures, the first assertion (L o T' = Tjq,
Ly oT =Ty,) follows.

Second, let T': P(A) — P(A xB) be a statistical map such that L;0T = T},
Ly oT =T,. We shall show that T' = Tj4g,. Recall that T = T}4g, if and only
if for all w € Q we have T'(dy,) = Tiaeg(0w)-

Contrariwise, suppose that 1" # Tjqgy. Then, there exists w € {2 such that
T(bw) # Tidng(dw). Now, L1 (T(d,,)) = 6. implies (T'(6,)) (2 \ {w}) x E) =0
and (T'(6,)) (({w}) x E) = 1. Further, Ly o T = T, implies that for each B € B
we have

(T4(6,))(B) = (T(4,)) (2 x B)
= (T(0u))({w} x B)U ((2\{w}) x B) = (T(0.)) ({w} x B)).
Consequently, for each A x B,A € A,B € B we have (T(6,))(Q x B)

(6.,(A)).(Ty(é.))(B) and hence, T'(8.,) = b, x Ty(8,,). Finally, it follows from (ii)
in the preceding proposition that d,, x Ty(dw) = Tiagg (), a contradiction. [
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COROLLARY 2.11.
(i) There exists a unique observable h: M(A x B) — M(A) making the
diagram in Figure 5 commutative and h = id ® g.

(ii) For each p € P(A) there exists a unique r € P(A x B) such that
F=po (id®g).

FIGURE 5.

DEFINITION 2.12. Let (P(A), M(A), [(.)dp) and (P(B), M(B), [(.)dg) be ex-
periments, let id: M(A) — M(A) be the identity observable, let g: M(B) —
M(A) be an observable, let T;4: P(A) — P(A) and T,: P(A) — P(B) be
the corresponding statistical maps. Let Tj;(p) = ¢. Then, the diagram in Figure 4
is said to be the g-joint of (P(A), M(A), [(.)dp) and (P(B), M(B), [(.)dq).

Now, we are in a position to give a general answer to our question. A more
specific answer will be given in the next section.

ANSWER (general). Let(P(A x B), M(A x B), [(.)dr) be a joint experiment
of (P(A), M(A), [(.)dp) and (P(B), M(B), [(.)dg). Let g: M(B) — M(A)
be an observable and let (g, T,) be the corresponding stochastic channel such that
Ty(p) = q. Then, the choice of r € P(A x B) is uniquely determined in the fol-
lowing sense (cf. Proposition 2.10): T;4g, is the unique statistical map 7" of P(A)
into P(A x B) such that L; o T = Tjq, Lo o T =T,, and r = Tjqg4(p). In plain
words, (P(A x B), M(A x B), [(.)d(Tiagg(p))) is the unique joint experiment
“taking into account the stochastic channel (g,T,) for which T,(p) = ¢”.

Remark 2.13. Note that if Ly o T =T,, T: P(A) — P(A x B), then T is
said to be factorized through P(A x B) and, in a different context, products and
factorizations of statistical maps were studied in [4], [5], [11], where M; (2, A)
denotes the set P(A) of all probability measures on A.
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3. Asymmetrical stochastic independence

Let (P(A), M(A), [(.)dp) and (P(B), M(B), [(.)dg) be random experiments,
let g: M(B) — M(A) be an observable, and let (g,T,) be the corresponding
stochastic channel such that T,(p) = ¢. It is reasonable to say that M(A) is
g-independent of M(B) whenever the conveyed stochastic information
g = J(.)dg on the event space (P(B), M(B)) “does not discriminate” the choice
of stochastic information on (P(A), M(A)). More precisely, whenever s0g =7
for all s € P(A) or, equivalently, T,(s) = ¢ for all s € P(A). Such stochastic
channel can be characterized as degenerated (g-valued). The next proposition
describes such channels.

For u € M(B) and w € Q, put (g(u))(w) = [udg. This defines a mapping g
of M(B) into[0, 1]*%.

PRroPOSITION 3.1.
(i) g is an observable into M(A).
(i) Ty(s) =q for all s € P(A).
Proof.
(i) follows directly from the definition of g.

(ii)) Let s € P(A). It follows from the definition of g that, for each yp = B,
g(xB) is a constant function and for all w € Q we have

(9(xB)) (W) = /Xqu = q(B).

Hence, (Ty(s))(B) = [xBd(Ty(s)) = [g(xp)ds = q(B) and T,(s) = g. -

DEFINITION 3.2. Let (P(A), M(A)) and (P(B), M(B)) be event spaces, let
g: M(B) — M(A) be an observable, and let T, be the corresponding statistical
map. Let ¢ € P(B). If T;(s) = ¢q for all s € P(A), then g and T, are said to be
degenerated.

PROPOSITION 3.3. Let (P(A),M(A), [(.)dp) and (P(B), M(B), [(.)dq)
be experiments. Let id: M(A) — M(A) be the identity observable, let g:
M(B) — M(A) be a degenerated observable, let id® g: M(A xB) — M(A)
be their product, let Tiq, Ty, and Tiqge be the corresponding statistical maps.
Assume that Ty(p)=q € P(B). Then, for all s€e P(A) we have Tiqgq(s)=s X q.

Proof. Let se P(A), A€ A, BEB. Recall that Tjug,(s)(A x B)=[(id ® g) x
(xa-xB)ds and, according to (®), we have

(id ® g)(xa.x5)(w) :/XA.XBd(dw < T,(6.)), weQ.
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Consequently, ((zd ® g)(xa- XB))(W) dw(A). (Tg((Sw))( ) = 0u(A).q(B) and
hence (Tjagq(s))(A x B) = s(A).q(B). This completes the proof. O

DEFINITION 3.4. Let (P(A),M(A),[(.)dp) and (P(B), M(B), (.)dq)
be experiments, let g: M(B) — M(A) be an observable, and let T,:
P(A) — P(B) be the corresponding statistical map such that T,(p) = q.
If T, is degenerated, then (P(A), M(A), [(.)dp) is said to be stochastically
g-independent on (P(B), M(B), [(.)dq).

Proposition 3.3 yields the following

ANSWER (specific). Assume that (P(A), M(A), [(.)dp) is stochastically g-inde-
pendent on (P(B), M(B), [(.)dq), i.e., (g,Ty) is a degenerated stochastic chan-
nel, and Ty(p) = g. Then, for all s € P(A) we have Tjqpq(s) = s x Ty(s) = s x ¢
and, in particular, Ti4gq(p) =p X q.

Combining a g-joint and an f-joint (in f-joint we use the mirror image and
the same symbol id denotes both identity observables) we get the diagram in
Figure 6.

P(A x B)
Tidwg Trid
T, .
P(A) 3 = » P(B)
FIGURE 6.

The properties of a g-joint and an f-joint can be summarized as follows.
COROLLARY 3.5. For the diagram in Figure 6, the following are satisfied

(i) Tiagg(p) = p % ¢ = Treia(q)-
(i) For allt € P(B) we have (Tiang 0 Tf)(t) = Tiagg(p) =p X .
(iii) For all s € P(A) we have (Ttgiqa o Ty)(s)Tfxid(q) =p X q.

DEFINITION 3.6. Let (P(A),M(A), [(.)dp) and (P(B),M(B), [(.)dg) be
experiments. Let g: M(B) — M(A) and f: M(A) — M(B) be observables,
let the first experiment be stochastically g-independent on the second and, like-
wise, let the second experiment be stochastically f-independent on the first.
Then, (P(A), M(A), [(.)dp) and (P(B), M(B), [(. )dq) are said to be stochas-
tically independent in (P(A x B), M(A x B), [(.)d(p x ¢q )
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PROPOSITION 3.7. Let (P(A),M(A), [(.)dp) and (P(B), M(B), [(.)dq)
be experiments and let (2, A, p) and (Z,B, q) be the corresponding classical ran-
dom experiments. Then the following are equivalent

(i) (P(A),M(A), [(.)dp) and (P(B), M(B), [(.)dq) are stochastically inde-
pendent in their joint experiment (P(A x B), M(A x B), [(.)d(p x q)).

(ii) (Q, A,p) and (E,B, q) are stochastically independent in their classical joint
random experiment (2 x 2, A x B,p x q).

Proof. (i) implies (ii). The assertion follows from the preceding corollary.

(ii) implies (i). From the stochastic independence of (2, A,p) and (Z,B, q)
in (2 xZ,A xB,px q) it follows that the choice of probability measure ¢ on B
(the choice of stochastic information on the event space (Z, B)) does not discrim-
inate the choice of a probability measure s on A (the choice of stochastic informa-
tion on the event space (2, A)). Analogously, the choice of probability measure p
on A does not discriminate the choice of a probability measure ¢ on B. Conse-
quently, the degenerated statistical map Ty, : P(A) — P(B) such that T,(s) = ¢
for all s € P(A) is the unique statistical map of P(A) into P(B) respecting con-
dition (ii). Analogously, the degenerated statistical map Ty: P(B) — P(A)
such that T¢(t) = p for all ¢ € P(B) is the unique statistical map of P(A) into
P(B) respecting condition (ii). Since both T, and Ty are degenerated, the ex-
periments (P(A), M(A), [(.)dp) and (P(B), M(B), [(.)dg) are stochastically
independent in their joint experiment (P(A x B), M(A x B), [(.)d(p x ¢). O

4. Remarks on conditional probability

Consider a g-joint of experiments (P(A), M(A), [(.)dp) and (P(B), M(B),
f(.)dq). According to Proposition 2.10, 7 = po (id ® g) in the joint experiment
(P(AxB), M(AxB), [(.)dr) is uniquely determined. In this section, we dis-
cuss how T reflects the “stochastic dependence/independence” of (P(A), M(A),
f(.)dp) on (P(B), M(B), [(.)dg). In particular, we are interested in the con-
struction of a “conditional probability R(v|u) of v € M(A) given u € M(B)”.
Using the embeddings e;: M(A) — M(A x B), ea: M(B) — M(A x B),
we will consider the conditional event v|u as the event e;(v)|e2(u) in the joint
experiment (P(A x B), M(A x B), [(.)dr) and we will show that this leads to
a natural construction of R(v|u).

If the stochastic channel (g,7,) is degenerated, r = p x ¢, then no relevant
stochastic information flows from the experiment (P(B), M(B), [(.)dg) to the
experiment (P(A), M(A), [(.)dp), then it is natural to put R(v|u) = 7(e1(v)) =
p(v) = [vdp.

30



REAL FUNCTIONS IN STOCHASTIC DEPENDENCE

For u € M(B), denote 4 = ea(u) € M(A x B), ie., u(w,§&) = u(§), w € Q,
¢ € E and, for v € M(A), denote ¥ = e1(v) € M(A x B). Each pair ((w,£),a),
0 < a < u(w,&), can be considered as a “fuzzy outcome supporting @” and
the set My = {((w,f),a);() <a< ﬂ(w,&”)} can be considered as the “condi-
tioning fuzzy event in M(A x B) and [adr measures “how big” the set Mj is.
For A€ A, put xa =ei1(xa) = xaxz € M(A x B). Then the set M, , , =
Mg o= Mz N Mg = {((w,€),a);0 < a < a(w,&),w € A} can be considered as

“the set of all fuzzy outcomes supporting x4 given @”. For 0 < [uadr= [udgq, put

Rlcalu) = DA

Clearly, for each u € M(B),0 < [adr = [udg, R(xa|u) defines a probability
measure R(.|u) on A. Finally, R(.|u) is an observable into M(T) and hence it
can be uniquely extended to an observable over M(A) into M(T). Then,

[v.adr
Rl = L2

yields the only natural definition of generalized conditional probability based on
the stochastic channel (g,7,) and the corresponding g-joint.

v e M(A) (%)

DEFINITION 4.1. Consider a g-joint of experiments (P(A), M(A), [(.)dp) and
(P(B), M(B), [(.)dq). Let u € M(B), 0 < [ddr = [udg. Then, the observ-
able R(.|u): M(A) — M(T) defined by (%) is said to be the conditional
probability given wu.

For generalized probability domains (MV-algebras, Lukasiewicz tribes, D-po-
sets, ... ), an additional binary operation “product” has been studied primarily
in connection with joint observables, stochastic independence, conditional ex-
pectation, and conditional probability, e.g., in [7], [8], [10], [25], [26], [28], [30],
[31], [39], [40], [43]. Tt is known [31], [40] that in a full Lukasiewicz tribe the
“product” reduces to the usual pointwise product of functions.

Observe that the construction of generalized conditional probability for MV-
-algebras and D-posets is based on the operation of product. In [10], [31], for
u,v € M(A),0 < fudp, (v|u) is defined via ([v.udp)/([udp). Our construc-
tion fully supports “conditioning via product” and, what is more important, we
claim that for full Lukasiewicz tribes the “conditioning via product” is uniquely
determined.

LEMMA 4.2. Let R(.|u): M(A) — M(T) be the conditional probability given
ue M(B),0 < [adr = [udg, defined by (x). Then, for each v € M(A) we have

Jv.adr = [v.g(u)dp and [adr = [g(u)dp
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Proof. First, from 7 = po (id ® g) we get [v.adr = [(id ® ¢)(v.u)dp.
Second, from (®) we get (id ® ¢)(v.a) = v.g(u). Thus, [v.adr = [v.g(u)dp.
Now, the other assertion follows from the fact that @ = xgq.u. U

The following special case might be of interest. Consider a g-joint of experi-
ments

(P(A),M(A),/(.)dp) and (P(B),M(B),/(.)dq),

where the two experiments are identical and g = id is the identity observable.
Let u € M(A), 0 < [udp. Then, for each v € M(A) we have

v.udp
R(v|u) = fdep
and for u = xp,v = xa,4,B € A, p(B) > 0 we get
_ Jvudp  p(ANDB)
- Judp  p(B)
Finally, observe that the usual approach to independence via conditional prob-
ability is compatible with our approach via stochastic channels.

R(v|u)
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