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Crisp complexity of fuzzy classifiers
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Abstract—Rule-based systems are a very popular form of
explainable Al, particularly in the fuzzy community, where fuzzy
rules are widely used for control and classification problems.
However, fuzzy rule-based classifiers struggle to reach bigger
traction outside of fuzzy venues, because users sometimes do
not know about fuzzy and because fuzzy partitions are not so
easy to interpret in some situations. In this work, we propose a
methodology to reduce fuzzy rule-based classifiers to crisp rule-
based classifiers. We study different possible crisp descriptions
and implement an algorithm to obtain them. Also, we analyze
the complexity of the resulting crisp classifiers. We believe that
our results can help both fuzzy and non-fuzzy practitioners
understand better the way in which fuzzy rule bases partition
the feature space and how easily one system can be translated
to another and vice versa. Our complexity metric can also help
to choose between different fuzzy classifiers based on what the
equivalent crisp partitions look like.

Index Terms—Fuzzy logic, Rule-based system, Explainable Al,
Classification

I. INTRODUCTION

There is a growing need for transparency in modern ma-
chine learning systems, as they are deployed in many real-
life scenarios where human and legal liabilities are present
[1], [2]. One of the most popular methods for explainable
classification are rule-based and decision tree systems, which
explicitly match patterns with outcomes [3], and this helps
the user trust the decisions of the system.

Fuzzy rules have been one of the most popular methods in
the fuzzy literature and research in this area remains active
[4]-[6]. Its principal lines of research are devoted to find the
best rules possible and to obtain the better performance and
explainability trade-offs [7], [8].

Nonetheless, there exists a historical and ongoing reluc-
tance surrounding the adoption of fuzzy logic techniques
outside the fuzzy logic community [9]. Part of this mistrust
relies in the fact that non-fuzzy users are not familiar with
the theory of fuzzy logic and they may prefer crisp sets or
methods purely based on probability theory and statistics. The
interpretability of linguistic variables can also be debated,
especially when the number of them is high or when the users
are not particularly familiar with the vocabulary used [10].

However, we argue in this paper that in the majority
of cases fuzzy rules can also be understood as compact
descriptions of underlying crisp decisions. For standard clas-
sification problems, each instance will be classified at the
end of the process as a certain class, so the final output can
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be interpreted as crisp independently of the classifier used.
Based on this idea, we study in this paper the problem of
constructing a crisp rule-based classifier equivalent to a fuzzy
rule-based classifier, so that their decision boundaries are
identical. We define two types of crisp partitions that behave
exactly the same as the original classifier and we provide and
implement an algorithm to explicitly construct them. The crisp
description of the fuzzy classifier can help to disentangle the
underlying complexity and it serves as a bridge for non-fuzzy
users to help them by interpreting a more familiar output.
Further, the crisp description can also be used as an objective
criterion for comparing the complexity and explainability of
different fuzzy classifiers, even if the fuzzy partitions used
are not the same.

The structure of the paper is as follows. First, in Section
IT we describe the problem and we include the necessary
background. In Section III we depict two types of crisp de-
scriptions of a fuzzy classifier and we provide the algorithms
to construct them. In Section IV we build and compare the
crisp descriptions of different classification algorithms and
publicly available datasets. The paper ends in Section V with
some conclusions and future work.

II. BACKGROUND

Let D = (X1,Y1),...,(Xn, Yy) denote a data set with N
instances and M features, where X; is the observed feature
vector of the i-instance with j-th entry X; ; and Y; being its
discrete associated target. The target is a categorical variable
with C' classes. We denote the domain of each feature as
D; < R and the Cartesian product of all the domains as
D c RM.

In general, the problem of multiclass classification consists
of finding a function f : D — {1,...,C} such that f(X;) =
Y; for as many instances as possible [11]. In this case, function
f is called a decision function and it divides the input space
into regions, one per class, such that each point in a certain
region is assigned the corresponding class. The boundaries
between decision regions are called decision boundaries.

For comparing different classifications, there exists plenty
of metrics in the literature [12]. However, since in this paper
we are focused on explainability rather than performance,
we only consider the accuracy score, which measures the
percentage of correct predictions.
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In rule-based classifiers, its decision function is constructed
in terms of a collection of IF-THEN rules called the rule
base [13]. Every classification rule is usually expressed in
the following manner:

r : IF Antecedent THEN Y IS c,

where “Antecedent” is a logical expression involving a subset
of features and c € {1,...,C} is one of the possible classes.

Although all rule-based algorithms are described in terms
of IF-THEN rules with the idea of a posterior interpretation of
these rules by an expert, distinct key elements can be chosen
to design diverse classifiers: type of description language
(crisp logic, fuzzy logic...); type of logical propositions (con-
junction/disjunction of literals, disjunctive/conjunctive normal
form...); properties of the rule base (mutually exclusive rules,
exhaustive rules, ordered rules, weighted rules...).

For instance, decision trees are considered to be one of the
most simple rule-based classifiers since the paths from root to
leaf represent the decision rules in which the classification is
based. In this case, the rule base is mutually exclusive (each
data point is assigned to exactly one class) and exhaustive
(the entire feature space is covered).

With regard to the problem of interest in this paper, we
will describe the problem of crisp and fuzzy rule-based
classification in general, keeping the possible technicalities
of each algorithm aside. Further, for simplifying the notation
we consider the rules to be modeled as the conjunction of
literals. For other kind of conditionals, our results can be
easily adapted.

A. Crisp rule-based classification

Let us consider a set Reyisp of N = |Rcm-sp| crisp rules,
any rule r € Ry;sp With a maximum number of conditions
in the antecedent N4 is defined as follows:

r:IF X eS' AND ... AND X € S" THEN Y IS Y,

where n, < Na, SJ € D and Y, € {1,...,C}. Nonethe-
less, many classical crisp rule-based classification algorithms
such as decision trees only consider crisp rules defined on
hyperrectangles, i.e.,

r: IF X} e [a}, B}] AND ... AND X" € [a"", 3""]
THEN Y IS Y,, (1)

where X7 is one of the M features with [aZ, 37] laying inside
the range of the corresponding variable. For the rest of this
section, we will refer by a crisp rule in the sense of Eq. (1).
In this case, an example x = (1,...,z)s) is classified as
follows:

e For each rule »r we compute the vector
uza

(kp(p), - () where gl (2]) = 1,500 510
ie., pl(zl) =1if 2 € [od, 5] and O otherwise. Then,
n

we denote () = H w2 (x2). Notice that 1, (z) = 1 if
j=1

and only if z fulfills all the conditions in the antecedent

of the rule.

« We also compute S, ; = 1 if ¢ = Y, and 0 otherwise.
« Then, we have two cases to do the classification depend-
ing on the characteristics of the set of rules:

— If the set of rules is mutually exclusive then

me

crisp(x) = arginax Sf,ia

ie{1,...,C}
where 7 = argmax, ¢, fir(x). This is the same
as selecting which rule is satisfied by example = and
then assigning the example to the class marked by
the consequent.
— If the set of rules is not mutually exclusive then

Nr
crisp(T) = argmax 2 Sy it ().
iE{l,..,,C} s=1
This is equivalent to compute the number of rules
that classify example z to each class and taking the
class that was most selected.

B. Fuzzy rule-based classification

Let us first briefly recall the definition of fuzzy set and
fuzzy linguistic variable.

Definition 1 ( [14]). Let X be a classical set of objects,
called the universe. A fuzzy set A of X is characterized by
a function pa : X — [0, 1], which is called the membership
function of A. For all x € X, the value p4(x) indicates the
degree of membership of x in the fuzzy set A.

The core and support of a fuzzy set A of X with member-
ship function p4 are defined as Cy = {x € X | pa(z) = 1}
and Sq4 = {z € X | pa(z) > 0}, respectively. Various
structures of membership functions for constructing fuzzy sets
have been considered (triangular, trapezoidal, gaussian...). The
selection of these functions depends on the specific problem
and/or application [15]. Nonetheless, trapezoidal membership
functions are commonly chosen due to their simplicity and
finite support.

Definition 2. Let a,b,c,d € R with a < b < ¢ < d, the
corresponding trapezoidal membership function is defined by

0 if x < a,

r—a

. ifa<z<),
Htrapezoidal (x;a,b, c, d) = 1 ifb<z<c,

i— .

T ifc<z<d,

0 ifx>=d

In this case, we will represent the fuzzy set by its parameters
as follows {a,b, c,d). The core and support of a fuzzy set A
defined by a trapezoidal membership function is, C4 = [b, c]
and Sa = (a,d), respectively.

A fuzzy partition can be generally defined as a finite
collection of fuzzy sets. Further, a fuzzy linguistic variable
is a variable whose values are expressed as words or phrases
in either a natural or artificial language. In practice, for each
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linguistic variable involved in a concrete problem usually a
fuzzy partition of its domain is considered.

Having said this, any fuzzy rule-based classifier includes
a fuzzification step in which features are transformed into
fuzzy linguistic variables. Specifically, if we consider the j-th
feature then p;;(X; ;) denotes the degree of truth of instance
1 evaluated in the fuzzy set corresponding to the /-th label of
the j-th feature. The number of labels of the j-th features is
given by ;.

Now, let us consider a set R fyz.y 0f Ng = |R fyzzy| fuzzy
rules with a maximum number of conditions in the antecedent
N4, any rule 7 € R ..y is defined as follows:

r: IF X' IS L AND ... AND X" IS L'

THEN Y IS S,, (2)
where n,, < N4, X! is one of the M features with L. being

one of the linguistic labels of X and S, € {0,1}“ is a vector
of scores assigned to each class. In this case, an example

x = (x1,...,2) is classified as follows:
e« For each rule »r we compute the vector
(i(aD),... e (air))  where  pi(al) is  the

corresponding membership value. Using the product as
the T-norm, the truth degree of example x for rule r is

]_[ pi(x]) € [0,1].
o Then, we may perform the classification in two different

ways:
— Sufficient rules:

£l (x) = argmax Sy, 3)
€{1,...,C}

given by p,(x

where 7" = argmax,cx , _ pr(2). This is equal to
compute the truth degree of the rules, selecting the
rule of the highest truth degree and then selecting
the class that has a bigger score for that rule.
— Additive rules:
Nr
ad
ffizey () = argma Sleré,zur( ).

This is equivalent to compute the truth degree of the
rules, multiply them by the score of each class, and
then taking the class that has the highest value.

III. CRrispP EQUIVALENT OF A FUZZY RULE BASE
A. Problem statement

If we compare Sections II-A and II-B there is a clear
analogy between crisp and fuzzy classification. Indeed, the
main difference is that in fuzzy classification examples do not
generally fulfill a rule perfectly, but they have a truth degree
between O and 1. That clearly affects the classification step,
since fuzzy rules cannot be mutually exclusive by definition.
Then, the problem of interest now arises almost naturally:

Question: Given a certain set of fuzzy rules Ry, can
we generate a set of crisp rules R,;sp such as

Jerisp(T) = fruzzy(z) for all z € D?

In the subsequent sections, we deeply study the problem and
we provide an answer to this question. By simplicity, we will
consider that the support of the fuzzy sets are intervals (like
for trapezoidal fuzzy sets, see Definition 2), which is usually
the case. Also, we will focus on sufficient rules, which are
more easy to interpret because only one rule is used to classify
each example.

B. Crisp rule base defined on disjoint compatible regions

Let Rfuz2y be a set of fuzzy rules in the sense of Section
II-B, then the support of rule r is a subset of R that consists
on the cartesian product of the support of all the fuzzy sets
that appear in the antecedent and R for those features that are
not involved in the rule. Specifically, if the features used in a
rule 7 are {X},..., X"} with the fuzzy sets {Al,... A"}
corresponding to the labels {L}, ..., L™} then the support of
r is given by

M
_ . N SAf, lfAle{A}“ﬂaA?T}v
B l:><1 S(4:), S(Ai) = { R otherwise.

Taking into account this notation, it is intuitive to think that
the input space can be separated according to which rules are
activated together, i.e., in those regions certain rules and only
those rules jointly have support different than zero. Given a
certain set of rules R we define the regions of activation B}
and joint activation By, as follows

BES

U Sra Bjact

reR reR

act __
BR

By definition, BY" (resp. Bj") is the subregion of D in
which at least 1 rule (resp. all the rules) in R has non-zero
support. Then,

B = B“"\Bj! = <ﬂ &) \ (U ST) . @
reER r¢R

is the region in which only the rules of R are activated and
we will call it compatible region. If B = (J then we say that
the rules in R are incompatible, in the sense that they cannot
be fired together. If Br # (J the rules are compatible and
the data inside this region is classified according to the truth
degrees of the rules involved and their scores. The union of
all these regions for all the possible subsets of R .., defines
the region of the universe covered by the algorithm, i.e.,

Ri = {R S Rfuzzy | [R] = i}, Nr},

Uu (ns)(ys):

i=1 ReER; \reR T¢R

ie{l,...,

QRfuzzy =

Ideally, Qg .., = D, but depending on the algorithm it may
happen that not the whole space is covered. Also, notice that
by construction all the regions are disjoint.

Having said this, we can design an iterative algorithm
to compute the non-empty compatible regions Br and then
compute all the corresponding crisp rules according to Eq.

(3).
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Further, it is clear that if B'}%‘m = & then for any R< R we
have that B};Ct = ¢ and the algorithm can have a similar
structure than the well-known Apriori [16] to optimize the
search. The pseudo-code of the algorithm can be found in
Algorithm 1.

Algorithm 1 Disjoint regions crisp rule miner

Require: A set of fuzzy rules Ryy..y.
Ensure: A set of crisp rules R risp such that ferisp
Rcrisp — .
for {r} € Ryyzzy do
if B,y # & then
Rerisp < “If X € S, THEN Y IS Y,.”.

end if
end for
Cla Ll = Rfuzzy~
k=2

while L;_1 # ¢ do
C} < COMBINE_REGIONS(L_1).
for R € C}, do
if B # & then
Lk — R.
end if
Br = (Mher S\ (Unen 57
if Bp # (J then
for r € R do
Rerisp < “If X € Bp AND
pr(X) = max us(X) THEN Y is ¥,
S EEs
end for
end if
end for
k<—k+1.
end while
return R,;sp.

C. Crisp rule base defined on disjoint hyperrectangles

Although Algorithm 1 computes a set of crisp rules that
is minimal in the sense that only takes into account non-
empty disjoint regions of the feature space in which rules are
activated together, the rules are evaluated in the regions Bp
which are not hyperrectangles in general. Indeed, the union or
difference of hyperrectangles is not usually a hyperrectangle.
This may be seen as an important drawback for some users,
since crisp rules defined in complex domains are not so easy
to interpret. For this reason, in this section we provide an
alternative approach in which the crisp rules obtained are
defined on disjoint hyperrectangles.

Let again Ry,.., be a set of fuzzy rules, we define the
set of all the supports of the rules as Sg,,,., = {S, | 7 €
Rfuzzy}. Since we have considered only fuzzy sets whose
support is an interval, each S, is a hyperrectangle.

Then, Sz,,.., is a set of possibly overlapping hyperrectangles

that we can transform in another set Hg,, . of disjoint
hyperrectangles that cover the exact same space.

Then, for each H € Hg,,, ., we will have a set of rules
Ry that have non-zero support in H, and we can proceed
similarly to Section III-C to compute the corresponding crisp
rules by taking into account Eq. (3).

D. Crisp rule bases as a complexity measure

If we contemplate the case in which all the possible
compatible regions Bpr are non-empty, we can obtain the
following upper bound for the number of crisp rules

Repiopl < > ( iR) = Np.2Ne—1 )

i=1

which would grow quite fast to intractability (see Table I).
However, in practice the number of crisp rules is expected to
be much lower, as we will see in Section IV.

TABLE I: Values of the upper bound in Eq. (5) for different
total number of fuzzy rules Ng.

Np |23 4[5 6 | 7] 8 | 9 |10
() | 4| 12 [ 32 | 80 | 192 | 448 | 1024 | 2304 | 5120

In fact, it may happen that the size of the crisp equivalents
of two fuzzy rule bases completely differ even if the number
of fuzzy rules is very similar. Then, the number of crisp rules
can be used as a measure of complexity to compare different
fuzzy rule bases. The lower the size of the crisp rule base
the simpler is the feature space splitted and therefore the
easier is to interpret. Notice that this metric is agnostic to the
chosen fuzzy partitions, which is a problem when comparing
classifiers with different fuzzifications. If we want to measure
how complex is the classifier with respect to the worst-case
scenario, the upper bound (5) can be used to compute the
degree of complexity:

‘Rcrisp|
NR . 2NR—1 .

(6)

IV. EXPERIMENTS

For testing our methods, different fuzzy rule-based classi-
fiers have been implemented with the exFuzzy Python library
[17], which uses genetic fine tuning to fit the classifiers to the
data.

First of all, we provide an illustrative example of the
procedure of obtaining a crisp rule base given a fuzzy one. For
this purpose, we have considered a 3-class synthetic dataset
with only two numeric features, X; and X5 (see the scatter
plot in any of the subfigures of Figure 1). The two features
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have been fuzzified as two fuzzy linguistic variables with
three linguistic terms as follows:

: (—o0,—00,1.12,4.96),
:(1.12,3.04,7.09,9.23),

:(4.96,9.23, +00, +00),

: (=00, —5.15,—0.52,1.19),
:(—0.52,0.34,2.54, 3.88),

:(1.19, 3.88, +0, +0). (FP)

HLow
1
KM edium
1
HHigh
1 ow
:U’?Wedium
2
HHigh
Then, from the genetic fuzzy classifier we obtain the follow-
ing fuzzy rule base:
ry : IF X7 IS Low THEN Y IS 0.
ro : IF X9 IS High THEN Y IS 1.

r3 : IF X, IS High THEN Y IS 2. (FRB)

In this case, there is one fuzzy rule per class and each rule
only involves a certain variable with a corresponding fuzzy
set. The support of each rule is

Sy, = (—00,4.96) x R,
Sy, = (4.96, +0) x R,

Sr, =R x (1.19, +00)

and the only non-empty compatible regions are

B, (—00,4.96) x (00,1.19],
By, = (—0,4.96) x (1.19, +0),
B, = (4.96,4+00) x (1.19, +x0),

B,, = (4.96,+») x (%0,1.19],

which separate R? in 4 disjoint squares, so in this case it is not
necessary to split these regions because they already are hy-
perrectangles. Since the three rules point to different classes,
in regions B,, ,, and B,, ., the final classification takes into
account the comparison between p}  —and ,ufﬁgh in By, r,
and ,u}ﬁgh and ,ufﬁgh in B,, ,,. Then, it is straightforward
that with Algorithm 1 we obtain the following crisp rule base:
71 : IF (X1, X3) € (—90,4.96) x (—o0,1.19] THEN Y IS 0.
’1:2 . IF (Xl,Xz) € (—00,496) X (119, +OO)
AND 41700, (X1) = fif7;5(X2) THEN Y IS 0.
73 : IF (Xl,XQ) S (—00,496) X (119, +OO)
AND 17, (X1) < p3pi,,(X2) THEN Y IS 1.
’1:4 - IF (Xl,Xz) € (496, +OO) X (119, +OO)
AND ;01 (X1) < pi3r9n(X2) THEN VIS 1.
75 : IF (Xl,XQ) € (496, +OO) X (119, +OO)
AND 1701 (X1) = 350, (X2) THEN Y IS 2.
76 : IF (X1, X5) € (4.96, +00) x (—o0,1.19] THEN Y IS 2.
(CRB)

In Figure la we can see the region delimited by the 3
fuzzy rules and the 6 crisp rules (since by definition the
decision boundary of the two rule bases is the same, we have
highlighted the boundaries of the compatible regions also in

(b) Decision tree.

(a) Fuzzy Classifier.

Fig. 1: Plot of the decision boundary of two classifiers, where
0 = Red, 1 = Yellow and 2 = Blue.

black to help the visualization). For comparison purposes, we
have trained a decision tree fixing the maximum number of
leaves to 6 (see Figure 1b). In this case, the fuzzy rule base
(FRB) successfully describes in a compact manner the three
regions of the space clearly dominated by each class. This is
possible because the presence of the fuzzy sets allows a more
complex support for the rules than hyperrectangles. Indeed,
in Figure 1b we can see how the decision tree is forced to
create 3 disjoint regions to separate class 1 from the other two
classes. From the linguistic representation of (FRB) we can
interpret that class 0 is related with low values of X7, class 1
with high values of X5 and class 2 with high values of Xj;.
However, from this representation only it is not clear how the
three rules exactly interrelate, which may result confusing
for the expert. From the crisp description (CRB) not only
we untangle how classification is performed, but also we can
derive a more profound interpretation of how the classifier
works. Indeed, classification can be explained in plain words
as follows: if X5 is not at all High (outside the support of
the fuzzy set), then the instance is classified to 0 if X; is
Low with any degree and to 1 otherwise (i.e. it is high by
the construction of the fuzzy partition since the fuzzy sets of
High and Low do not overlap). On other hand, if X5 is High
and X; is Low with any degree, then instance is classified
to 0 if X; is more Low than X5 is High and 1 otherwise.
Finally, the only remaining situation is that X5 and X; are
High with any degree. In this case, the instance is classified
as 1 if X, is more High than X; is High and 2 otherwise.

Now, we study the number of crisp rules for different fuzzy
classifiers. In particular, we have considered the configura-
tions of 3 or 5 fuzzy sets per fuzzy partition and 10 or
20 maximum rules. Also, we compare the results with three
classic crisp rule-based classifiers: decision trees, Ripper-k
and PART [18]. For the data we have used five datasets
from the UCI dataset repository [19]: appendicitis, iris, magic,
vehicle, australian. The results can be found in Table II.

We can notice that the majority of the complexity measures
are bellow 0.5 which means that the number of crisp rules
could have been more than the double in those situations.
Also, although that in some cases the number of fuzzy rules is
the same, the number of crisp rules differs a lot. For instance,
the number of crisp rules is much lower in the dataset iris
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TABLE II: In each cell a tuple appears with the following values: number of fuzzy rules, crisp rules, complexity, and crisp
rules defined on hyperrectangles (top) and test accuracy (bottom). For the other algorithms, only the number of crisp rules is
included. Also, under the name of each dataset, there is a summary of the following specifications: (samples, features, classes).

exfuzzy 3-10 exfuzzy 3-20 exfuzzy 5-10 exfuzzy 5-20 Tree | RIPPER-k | PART
appendicitis (6,69,0.36,501) (10,571,0.11,8192) (7,54,0.12,499) (8,44,0.04,890) 13 2 2
(106,7,2) 0.89 0.91 0.86 0.91 0.86 0.86 0.83
iris (5,16,0.2,121) (4,19,0.59,43) (4,4,0.13,15) (7,26,0.05,182) 6 3 6
(365,4,3) 0.98 0.76 0.96 0.86 0.94 0.94 0.94
magic (6,143,0.74,2197) (8,270,0.26,14996) (9,208,0.09,25104) (9,83,0.04,12140) 1336 27 40
(19020,10,2) 0.81 0.76 0.69 0.73 0.81 0.85 0.84
vehicle (8,686,0.7,104102) | (10,1024,0.2,372944) | (6,86,0.45,123450) | (10,820,0.16,340288) 94 16 27
(846,18,4) 0.44 0.55 0.37 0.45 0.68 0.68 0.725
australian (5,63,0.79,1399) (7,45,0.1,1828) (3,4,0.33,48) (7,30,0.07,8512) 58 4 28
(690,14,2) 0.82 0.8 0.86 0.85 0.82 0.86 0.85
than in the dataset australian in the configuration 3-10, even Intelligence. International Joint Conferences on Artificial Intelligence
though each fuzzy rule base consists in 5 rules. In other cases 21 grg]‘;“‘z"rr“_‘;‘t‘; MNacaD“f;i S/Elsdrc,hmea’ 21023’6 lpfs’e 5526—§2§I‘1‘e'mt S Tabik
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