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ARTICLE INFO ABSTRACT
Keywords: Fuzzy implication functions constitute fundamental operators in fuzzy logic systems, extending
Fuzzy implication function classical conditionals to manage uncertainty in logical inference. Among the extensive families of

Aggregation function these operators, generalizations of the classical material implication have received considerable

EJ;H]:;);I; lication theoretical attention, particularly (.S, N)-implications constructed from t-conorms and fuzzy nega-
Ch’aracterfzation tions, and their further generalizations to (U, N)-implications using disjunctive uninorms. Prior

work has established characterization theorems for these families under the assumption that the
fuzzy negation N is continuous, ensuring uniqueness of representation. In this paper, we disprove
this last fact for (U, N)-implications and we show that they do not necessarily possess a unique
representation, even if the fuzzy negation is continuous. Further, we provide a comprehensive
study of uniqueness conditions for both uninorms with continuous and non-continuous under-
lying functions. Our results offer important theoretical insights into the structural properties of
these operators.

1. Introduction

Fuzzy implication functions serve as fundamental operators in fuzzy logic, extending classical logical conditionals to accommo-
date the continuous nature of approximate reasoning. These functions have become pivotal in computational intelligence due to their
ability to model uncertainty-driven inference [1], finding applications across diverse domains, including image processing [2], knowl-
edge discovery [3,4], and intelligent control systems [5]. Beyond their practical utility, the theoretical study of these operators is an
important research area encompassing the development of new families of fuzzy implication functions, the analysis of their additional
properties, and the pursuit of structural representations and characterizations. Indeed, numerous families of these operators have been
introduced in the literature under different motivations, along with various additional properties [1,6-10]. Moreover, in the survey
[9], the reader can find a comprehensive list of families of fuzzy implication functions, organized according to their construction
method: basic implications; those generated from other aggregation functions such as (S, N), R, O, or D-implications [11,12]; those
defined by their final expression, such as polynomial implications [13]; those generated by unary functions, like Yager’s implications
[14]; and those derived from other fuzzy implications, for instance, via aggregation or ordinal sums [15,16]. This proliferation of
operators has underscored the critical importance of studying their characterization, examining their intersections, and revisiting
long-standing open problems in the field [17].

Among the vast array of fuzzy implication functions, generalizations of the classical material implication p — ¢ = —¢q Vv p repre-
sent one of the most fundamental and thoroughly investigated classes. Historically, these generalizations first emerged in the form
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$x_e,e_2,e_1\in ]a,d[$


$U_1$


$]a,d[\times [0,1] \cup [0,1]\times ]a,d[.$


$U_1$


$U_1(a,x) = a$


$U_1(d,x)=d$


$x\in ]a,d[.$


$U_1$


$[a,d]^2$


$[a,d]$


$(a,d)$


$(d,a).$


$U_1$


$]a,d[^2$


$]0,1[^2.$


\begin {equation}\label {eq1}U_1(x,y)=\min (x,y) \text { for all } (x,y)\in ([0,a]\times [a,d[) \cup ([a,d[\times [0,a]),\end {equation}


\begin {equation}\label {eq2}U_1(x,y)=\max (x,y) \text { for all } (x,y)\in ([d,1]\times ]a,d]) \cup (]a,d]\times [d,1]).\end {equation}


$U_1(\cdot ,x)$


$x\in ]a,d[$


$[0,1].$


$x\in [0,a]\cup [d,1]$


$U_1(\cdot ,x)$


$[0,1].$


$U_1(x,y)=e_1$


$y\in [0,1]$


$x\notin \{a,d\}$


$a_2,d_2\in [0,1]$


$U,$


$a_2\leq d_2$


$x,y,e_1\in ]a_2,d_2[,$


$U_1$


$]a_2,d_2[^2$


$a\in ]a_2,d_2[,$


$d\in ]a_2,d_2[,$


$e,0,1.$


$x\in ]a,d[.$


$U_1(\cdot ,x)$


$]a,d[$


$]a,d[$


$e_2\in ]a,d[,$


$y\in ]a,d[$


$U_1(y,x)=e_2.$


$y_0 \in [0,1]$


$N_1(y_0)=y.$


\begin {equation*}U_2(N_2(y_0),x)=U_1(N_1(y_0),x) = U_1(y,x)=e_2.\end {equation*}


$x\in ]a,d[$


$z\in [0,1]$


$U_2(z,x)=e_2.$


$v\in [0,1]$


\begin {equation*}v=U_2(v,e_2) =U_2(v,U_2(z,x))=U_2(U_2(v,z),x),\end {equation*}


$U_2(\cdot ,x)$


$[0,1]$


$U_2$


$U_2(\cdot ,x)$


$x\in ]a,d[.$


$U_2$


$]a,d[\times [0,1] \cup [0,1]\times ]a,d[.$


$N_1$


$x\in [0,1]$


$N_1(x)=a$


\begin {equation*}N_2(x)=U_2(N_2(x),e_2)=U_1(N_1(x),e_2) = U_1(a,e_2)=a,\end {equation*}


$N_1(y)=d$


$N_2(y)=d.$


$U_2(a,a)=U_1(a,a)=a$


$U_2(d,d)=U_1(d,d)=d.$


$U_2$


$]a,d[^2$


$]0,1[^2.$


$x\in [0,1]$


$N_1(x)\leq a$


\begin {equation*}N_2(x)=U_1(N_1(x),e_2)=N_1(x),\end {equation*}


$x\in [0,1]$


$N_1(x)\geq d$


\begin {equation*}N_2(x)=U_1(N_1(x),e_2)=N_1(x),\end {equation*}


$x\in [0,a]\cup [d,1]$


$x^* \in [0,1]$


$N_2(x^*) = N_1(x^*)=x$


\begin {equation*}U_1(x,y) = U_1(N_1(x^*),y) = I(x^*,y) = U_2(N_2(x^*),y) = U_2(x,y),\end {equation*}


$y \in [0,1]$


$x\in [0,a]\cup [d,1]$


$U_1(x,y)=U_2(x,y)$


$y\in [0,1].$


$U_1$


$U_2$


$]a,d[^2$


$U_2$


$]a,d[^2$


$]0,1[^2$


$U_2$


$I(x,y)=U_1(N_1(x),y)=U_2(N_2(x),y)$


$x,y\in [0,1]$


$N_1,N_2$


$N_1\neq N_2$


$U_1,U_2$


$U_1$


$U_2$


$]a,d[$


$U_1:[0,1]^2\to [0,1]$


$e_1\in ]0,1[$


$N_1:[0,1]\to [0,1]$


$U_1$


$]a,d[$


$s\in ]a,d[\setminus \{e\}$


$U_2:[0,1]^2\to [0,1]$


$s$


$U_1(N_1(x),y)=U_2(N_2(x),y)$


$x,y\in [0,1],$


$N_2:[0,1]\to [0,1]$


$N_2(x)=U_1(N_1(x),s)$


$x\in [0,1]$


$a=\frac {1}{4},$


$d=\frac {3}{4},$


$U^{'}_1:[a,d]^2\to [a,d]$


$U_1$


$U^{*}_1:]a,d[{}^2\to ]a,d[$


$U^{'}_1$


$]a,d[.$


$U_3:[0,1]^2\to [0,1]$


\begin {equation*}U_3(x,y)=\begin {cases} \frac {1}{4} + \frac {1}{2} \frac {(x-\frac {1}{4})(y-\frac {1}{4})}{(x-\frac {1}{4})(y-\frac {1}{4}) + (\frac {3}{4}-x)(\frac {3}{4}-y)} &\text {if $x,y\in ]\frac {1}{4},\frac {3}{4}[,$} \\ \max (x,y) &\text {if $\max (x,y)\geq \frac {3}{4},$} \\ \min (x,y) &\text {otherwise,} \end {cases}\end {equation*}


$U_3$


$e_3=\frac {1}{2}$


$G_1=(]a,d[,U_1^*),$


$G_2=([0,a],\min )$


$G_3=([d,1],\max )$


$\preceq $


$3\prec 2\prec 1$


$([0,a],\min )$


$([d,1],\max )$


$N_1:[0,1]\to [0,1]$


$N_1(x) = 1-x$


$x\in [0,1].$


$(U,N)$


$I:[0,1]^2\to [0,1]$


$I(x,y)=U_3(N_1(x),y)$


$x,y\in [0,1]$


\begin {equation*}I(x,y)=\begin {cases} \frac {1}{4} + \frac {(\frac {3}{4}-x)(y-\frac {1}{4})}{2(\frac {3}{4} - x)(y-\frac {1}{4}) +2(x-\frac {1}{4})(\frac {3}{4}-y) } &\text {if $x,y\in ]\frac {1}{4},\frac {3}{4}[,$} \\ \max (1-x,y) &\text {if $\max (1-x,y)\geq \frac {3}{4},$} \\ \min (1-x,y) &\text {otherwise.} \end {cases}\end {equation*}


$s\in ]\frac {1}{4},\frac {3}{4}[$


$I(x,s)=\frac {(\frac {3}{4}-x)(s-\frac {1}{4})}{2(\frac {3}{4} - x)(s-\frac {1}{4}) +2(x-\frac {1}{4})(\frac {3}{4}-s) } +\frac {1}{4}$


$x\in ]\frac {1}{4},\frac {3}{4}[$


$I(x,s)=1-x$


$x\in [0,\frac {1}{4}]\cup [\frac {3}{4},1].$


$s=\frac {3}{8}$


$I(x,s)=\frac {3}{16x}$


$x\in ]\frac {1}{4},\frac {3}{4}[.$


$N_2:[0,1]\to [0,1]$


$N_2(x) = I(x,\frac {3}{8})$


$N_2(x)=N_2^{-1}(x).$


$U_4:[0,1]^2\to [0,1],$


$U_3(N_1(x),y)=U_4(N_2(x),y)$


$I(N_2(x),y),$


\begin {equation*}U_4(x,y) = \begin {cases} \frac {1}{4}+\frac {3(x-\frac {1}{4})(y-\frac {1}{4})}{6(x-\frac {1}{4})(y-\frac {1}{4}) +2(\frac {3}{4}-x)(\frac {3}{4}-y) }&\text {if $x,y\in ]\frac {1}{4},\frac {3}{4}[,$} \\ \max (x,y) &\text {if $\max (x,y)\geq \frac {3}{4}$}, \\ \min (x,y) &\text {otherwise.} \end {cases}\end {equation*}


$U_4$


$]\frac {1}{4},\frac {3}{4}[{}^2$


$U_2$


$]0,1[,$


$U_2^*.$


$U_4$


$H_1=(]\frac {1}{4},\frac {3}{4}[,U_2^*),$


$H_2=([0,\frac {1}{4}],\min )$


$H_3=([\frac {3}{4},1],\max )$


$\preceq $


$3\prec 2\prec 1$


$(U,N)$


$U_1(N_1(x),y)=U_2(N_2(x),y)$


$x,y\in [0,1]$


$N_1$


$N_2.$


$e_1 = \frac {1}{2}$


$f : [0,1] \to [0,1]$


$f(x)=x^2$


$f$


$f(0)=0$


$f(1)=1$


\begin {equation*}f^{(n)}(x) = \overbrace {f \circ \dots \circ f}^{n} (x) = x^{2^n}, \quad f^{(-n)}(x) = \overbrace {f^{-1} \circ \dots \circ f^{-1}}^{n} (x) = x^{\frac {1}{2^n}} = x^{2^{-n}},\end {equation*}


$n \in \mathbb {Z}^{+}$


$f^{(0)} = \text {id}$


$u^{(n)} = f^{(n)}(e_1) = 2^{-2^n}$


$n \in \mathbb {Z}$


$]0,1[$


\begin {equation*}]0,1[ = \bigcup _{n \in \mathbb {Z}} ] u^{(n+1)}, u^{(n)}] = \bigcup _{n \in \mathbb {Z}} ] 2^{-2^{n+1}}, 2^{-2^n}].\end {equation*}


\begin {equation}\label {eqU1R}U_1(x,y)=\begin {cases} 1 &\text {if $\max (x,y)=1,$}\\ 0 &\text {if $\min (x,y)=0$ and $\max (x,y)<1,$}\\ f^{(n+m)}(\min (f^{(-n)}(x),f^{(-m)}(y))) &\text {if $x\in ]u^{(n+1)},u^{(n)}],$ $y\in ]u^{(m+1)},u^{(m)}].$} \end {cases}\end {equation}


$x \in ]u^{(n+1)},u^{(n)}]$


$f^{(-n)}(x) \in ]u,e_1]$


$U_1(x,y) \in ] u^{(n+m+1)},u^{(n+m)}]$


$x\in ]u^{(n+1)},u^{(n)}],$


$y\in ]u^{(m+1)},u^{(m)}]$


$n,m \in \mathbb {Z}$


$y \in ]0,1[$


$y \in ]u^{(m+1)},u^{(m)}]$


$n \in \mathbb {Z}$


$y = u^{(m)}$


$U_1(u^{(n)},u^{(m)}) = f^{(n)}(u^{(m)}) = u^{(n+m)}$


$U_1$


$U_1$


$y = e_1$


$x=1$


$U_1(x,y)=1$


$x=0$


$U_1(x,y)=0$


$x \in ]u^{(n+1)},u^{(n)}]$


$U_1(x,y)=f^{(0)}(x)=x$


$n=0$


$e_1 \in ]u,e_1]$


$U_1$


$e_1$


$U_1$


$x,y,z \in [0,1]$


$\max (x,y,z)=1$


$\min (x,y,z)=0$


$x \in ]u^{(n+1)},u^{(n)}]$


$y \in ]u^{(m+1)},u^{(m)}]$


$z \in ]u^{(k+1)},u^{(k)}]$


$\min (f^{(-m)}(x),f^{(-k)}(x)) \in ]u,e_1]$


$f^{(m+k)}(\min (f^{(-m)}(y),f^{(-k)}(z)))) \in ]u^{(m+k+1)},u^{(m+k)}]$


\begin {equation*}U_1(U_1(x,y),z) = f^{(n+m+k)}(\min (f^{(-n)}(x),f^{(-m)}(y),f^{(-k)}(z)),\end {equation*}


$x,y,z \in [0,1]$


$y< z$


$x=1$


$U_1(x,y)=1= U_1(x,z)$


$x=0$


$z<1$


$y<1$


$U_1(x,y)=0=U_1(x,z)$


$z=1$


$y<1$


$U_1(x,y)=0<1=U_1(x,z)$


$x \in ]u^{(n+1)},u^{(n)}]$


$n \in \mathbb {Z}$


$y=0$


$U_1(x,y)=0 \leq U_1(x,z)$


$z=1$


$U_1(x,y) \leq 1 = U_1(x,z)$


$y>0$


$z>0$


$z<1$


$y<1$


$y \in ]u^{(m+1)},u^{(m)}]$


$z \in ]u^{(k+1)},u^{(k)}]$


$m,k \in \mathbb {Z}$


$y<z$


$m \geq k$


$m=k$


$f^{(-m)}(y) < f^{(-m)}(z)$


\begin {equation*}U_1(x,y) = f^{(n+m)}(\min (f^{(-n)}(x),f^{(-m)}(y))) \leq f^{(n+m)}(\min (f^{(-n)}(x),f^{(-k)}(z))) = U_1(x,z).\end {equation*}


$m > k$


$U_1(x,y) \in ]u^{(n+m+1)},u^{(n+m)}]$


$U_1(x,z) \in ]u^{(n+k+1)},u^{(n+k)}]$


\begin {equation*}U_1(x,y) \leq u^{(n+m)} \leq u^{(n+k+1)} < U_1(x,z).\end {equation*}


$U_1(1,0)=1$


$U_1$


$U_1(u^{(n)},\cdot )$


$n \in \mathbb {Z}$


$f^{(n)}$


$f^{(n)}(0)=0$


$f^{(n)}(1) = 1$


$U_1$


$[u^{(n+1)},u^{(n)}]\times [u^{(m+1)},u^{(m)}].$


$n,m \in \mathbb {Z}$


$y \in ] u^{(m+1)},u^{(m)}]$


\begin {equation*}U_1(u^{(n)},y) = f^{(n)}(y),\end {equation*}


$y = u^{(m)}$


$N_1 : [0,1] \to [0,1]$


\begin {equation*}N_1(x) = 2^{-2^{-\log _2(-\log _2(x))}}.\end {equation*}


$N_1$


\begin {equation*}N_1(u^{(n)})=N_1(2^{-2^n})=2^{-2^{-n}}=u^{(-n)},\end {equation*}


$n\in \mathbb {Z}.$


$N_2:[0,1]\to [0,1]$


\begin {equation*}N_2(x)=U_1(N_1(x),u)=(N_1(x))^2.\end {equation*}


$N_2$


\begin {equation*}U_1(N_2(x),u^{(-1)})=U_1(U_1(N_1(x),u),u^{(-1)})= U_1(N_1(x),U_1(u,u^{(-1)}))=U_1(N_1(x),e_1)=N_1(x).\end {equation*}


$U_2:[0,1]^2\to [0,1]$


\begin {equation*}U_2(x,y) = U_1(u^{(-1)},U_1(x,y)).\end {equation*}


$U_2$


$u$


$U_1$


$f^{(-1)}.$


$x,y\in [0,1]$


\begin {equation*}U_2(N_2(x),y) = U_1(u^{(-1)},U_1(N_2(x),y))= U_1(U_1(u^{(-1)},N_2(x)),y)=U_1(N_1(x),y).\end {equation*}


$U$


$U\in \mathcal {U}_x^{hc}$


$U$


$]a,d[$


$x$


$U$


$[x,e]$


$U\in \mathcal {U}_x^{hc}$


$y\in ]0,1[$


$U(x,y)=e.$


$U$


$\mathrm {Ran}(U(x,\cdot )) = [0,1]$


$U(x,0)=0$


$U(x,1)=1.$


$U(x,e)=x$


$U$


$x<e$


$y>e$


$x>e$


$y<e.$


$v\in [0,1]$


\begin {equation*}v=U(e,v)=U(U(y,x),v)=U(y,U(x,v)),\end {equation*}


$U(y,\cdot )$


$[0,1]$


$U(x,s)=U(x,t)$


$s,t\in [0,1]$


\begin {equation*}s=U(e,s)=U(y,U(x,s))=U(y,U(x,t))=U(U(y,x),t)=U(e,t)=t\end {equation*}


$U(x,\cdot )$


$U(y,\cdot )$


\begin {equation*}U(U(x,x),U(y,y))=U(x,U(U(x,y),y))=U(x,U(e,y))=U(x,y)=e,\end {equation*}


$x^{(0)}_U=e$


$x_U^{(n)}=U(x,x_U^{(n-1)})$


$n\in \mathbb {N}$


$y^{(0)}_U=e$


$y_U^{(n)}=U(y,y_U^{(n-1)})$


$n\in \mathbb {N}$


$U(x_U^{(n)},y_U^{(n)})=e$


$n\in \mathbb {N}.$


$U(x_U^{(n)},\cdot )$


$U(y_U^{(n)},\cdot )$


$[0,1]$


$n\in \mathbb {N}.$


$U(x_U^{(n)},y_U^{(n)})=e$


$x_U^{(-n)}=y_U^{(n)}$


$n\in \mathbb {N}.$


$f^{(n)}(s)=U(x_U^{(n)},s)$


$f^{(-n)}(s)=U(y_U^{(n)},s)$


$n\in \mathbb {N}$


$f^{(0)}(s)=s.$


\begin {equation*}f^{(n)} \circ f^{(-n)}(s) = U(x_U^{(n)},U(y_U^{(n)},s)) = U(e,s)=s,\end {equation*}


\begin {equation*}f^{(n)} \circ f^{(m)}(s) = U(x_U^{(n)},U(x_U^{(m)},s)) = U(x_U^{(n+m)},s)= f^{(n+m)}(s),\end {equation*}


$s \in [0,1]$


$n,m\in \mathbb {Z}$


$f^{(n)}$


$n\in \mathbb {Z}$


$U(x,\cdot ).$


$U(x_U^{(n)},\cdot )$


$n\in \mathbb {Z}$


$s\in ]x_U^{(n+1)},x_U^{(n)}]$


$n\in \mathbb {Z}$


$U(x_U^{(m)},s)\in ]x_U^{(n+m+1)},x_U^{(n+m)}]$


$m\in \mathbb {Z}.$


$s_1=f^{(-n)}(s) \in ]x,e]$


$U(s_1,x_U^{(n)}) =f^{(n)}(s_1) =s.$


$x<y$


$F:[x,e]^2\to [0,1]$


\begin {equation*}F(s,t)=U(s,t) \text { for all $s,t\in [x,e].$}\end {equation*}


$F$


$F(s,t)=F(t,s)$


$s,t\in [x,e]$


$F(s,e)=s$


$s\in [x,e].$


$s,t\in ]a,d[,$


$a = \lim \limits _{n\to +\infty } x_U^{(n)}$


$d = \lim \limits _{n\to -\infty } y_U^{(n)},$


$n\in \mathbb {Z}$


$m\in \mathbb {Z}$


$s\in ]x_U^{(n+1)},x_U^{(n)}]$


$t\in ]x_U^{(m+1)},x_U^{(m)}].$


$f^{(-n)}(s),f^{(-m)}(t) \in ]x,e]$


$U$


$]a,d[^2$


$U(x,\cdot )$


$F$


$U$


$[x,e]$


$U$


$U(x,\cdot )$


$F(s,t)\in ]x_U^{(2)},e]$


$s,t\in ]x,e].$


$U$


$s,t,u\in ]x,e]$


$F(s,t)\in ]x_U^{(n+1)},x_U^{(n)}]$


$F(t,u)\in ]x_U^{(m+1)},x_U^{(m)}]$


$n,m \in \{0,1\}$


$F$


$e,$


$s,t,u\in ]x,e]$


$F(x,s)=f(s)$


$s\in [x,e].$


$U\in \mathcal {U}_x^{hc}$


$U$


$]a,d[^2$


$U$


$[0,1]^2\setminus ]a,d[^2.$


$x<e$


$x>e,$


$x<e.$


$f:[0,1]\to [0,1]$


$f(0)=0,$


$f(1)=1$


$f^{(0)}(x)=x,$


$f^{(n)}(x)=f(f^{(n-1)}(x))$


$f^{(-n)}(x)=f^{-1}(f^{(-n+1)}(x))$


$x\in [0,1],$


$n\in \mathbb {N},$


$f^{-1}$


$f.$


$f:[0,1]\to [0,1]$


$f(0)=0,$


$f(1)=1$


$f(y)=e$


$y,e\in ]0,1[$


$y>e$


$x=f(e).$


$\lim \limits _{n\to +\infty }f^{(n)}(x) = a$


$\lim \limits _{n\to +\infty }f^{(-n)}(x) = d.$


$F:[x,e]^2\to [f(x),e]$


$F(s,e)=s$


$F(s,x)=f(s)$


$s\in [x,e],$


$F$


$s,t,u\in ]x,e]$


$F(s,t)\in ]f^{(n+1)}(e),f^{(n)}(e)]$


$F(t,u)\in ]f^{(m+1)}(e),f^{(m)}(e)]$


$n,m \in \{0,1\}$


$U:]a,d[^2 \to ]a,d[$


\begin {equation*}U(s,t) = f^{(n+m)}(F(f^{(-n)}(s),f^{(-m)}(s))), \quad \text {if $s\in ]f^{(n+1)}(e),f^{(n)}(e)],$ $t\in ]f^{(m+1)}(e),f^{(m)}(e)],$}\end {equation*}


$n,m\in \mathbb {Z}$


$]a,d[,$


$]a,d[.$


$f$


$s \in ]a,d[$


$n \in \mathbb {Z}$


$s \in ]f^{(n+1)}(e),f^{(n)}(e)]$


$U$


$U(x,s) = f(s) = F(x,s)$


$s \in ]x,e]$


$F(x,x)=f(x)=f^{(2)}(e)$


$F$


$U$


$s \in ] f^{(n+1)}(e),f^{(n)}(e)]$


\begin {equation*}U(s,e) = f^{(n)}(F(f^{(-n)}(s),e)) = f^{(n)} \circ f^{(-n)}(s) =s,\end {equation*}


$e$


$U$


$s,t,u \in ]a,d[$


$s\in ]f^{(p+1)}(e),f^{(p)}(e)],$


$t\in ]f^{(q+1)}(e),f^{(q)}(e)]$


$u\in ]f^{(r+1)}(e),f^{(r)}(e)],$


$p,q,r \in \mathbb {Z}$


$s_1 = f^{(-p)}(s)$


$t_1 = f^{(-q)}(t)$


$u_1 = f^{(-r)}(u)$


$U(s,t) =f^{(p+q)}(F(s_1,t_1))$


$U(t,u) = f^{(q+r)}(F(t_1,u_1)).$


$s_1,t_1,u_1 \in ]x,e]$


$F(s_1,t_1),F(t_1,u_1) \in ]f(x),e]$


$F(s_1,t_1) \in ]x,e]$


\begin {equation*}U(s,U(t,u))=U(s,f^{(q+r)}(F(t_1,u_1)))= f^{(p+q+r)}(F(s_1,F(t_1,u_1)),\end {equation*}


$F(t_1,u_1) \in ]x,e]$


\begin {equation}\label {eq:ass_1} U(U(s,t),u)= U(f^{(p+q)}(F(s_1,t_1)),u)=f^{(p+q+r)}(F(F(s_1,t_1),u_1)),\end {equation}


$F(s_1,F(t_1,u_1)) = F(F(s_1,t_1),u_1),$


$F(t_1,u_1) \in ]f(x),x]$


\begin {equation}\label {eq:ass_2} U(U(s,t),u)= U(f^{(p+q)}(F(s_1,t_1)),u)=f^{(p+q+r+1)}(F(f^{-1}(F(s_1,t_1)),u_1)),\end {equation}


$F(s_1,F(t_1,u_1)) = f(F(f^{-1}(F(s_1,t_1)),u_1)),$


$F(t_1,u_1) \in ]f(x),x]$


\begin {equation*}U(s,f^{(q+r)}(F(t_1,u_1)))= f^{(p+q+r+1)}(F(s_1,f^{-1}(F(t_1,u_1))),\end {equation*}


$F(t_1,u_1) \in ]x,e]$


$U(s,U(t,u))$


$f(F(s_1,f^{-1}(F(t_1,u_1))) = F(F(s_1,t_1),u_1)$


$F(t_1,u_1) \in ]f(x),x]$


$U(s,U(t,u))$


$f(F(s_1,f^{-1}(F(t_1,u_1))) = f(F(f^{-1}(F(s_1,t_1)),u_1))$


$U$


$s,t,u \in ]a,d[$


$t <u$


$s\in ]f^{(p+1)}(e),f^{(p)}(e)],$


$t\in ]f^{(q+1)}(e),f^{(q)}(e)]$


$u\in ]f^{(r+1)}(e),f^{(r)}(e)],$


$p,q,r \in \mathbb {Z}$


$s_1 = f^{(-p)}(s)$


$t_1 = f^{(-q)}(t)$


$u_1 = f^{(-r)}(u)$


$r=q$


$t_1 < u_1$


$q >r$


$r=q$


$F$


\begin {equation*}U(s,t) = f^{(p+q)}(F(s_1,t_1)) \leq f^{(p+q)}(F(s_1,u_1)) =U(s,u).\end {equation*}


$q>r$


$F(s_1,t_1)$


$F(s_1,u_1)$


$F(s_1,t_1),F(s_1,u_1) \in ]x,e]$


$F(s_1,t_1) \in ]f(x),x]$


$F(s_1,u_1) \in ]x,e]$


$F(s_1,t_1),F(s_1,u_1) \in ]f(x),x]$


$F(s_1,t_1)\in ]x,e]$


$F(s_1,u_1) \in ]f(x),x]$


$F$


$F(s_1,t_1)\leq F(s_1,e)=s_1,$


$f(s_1)=F(s_1,x)\leq F(s_1,u_1).$


$U$


$]a,d[^2$


$F(s,t)\in ]x,e]$


$s,t\in ]x,e]$


$F.$


$U\in \mathcal {U}_x^{hc}$


$]a,d[^2.$


$U$


$[0,1]^2\setminus ]a,d[^2$


$U(x^{(n)}_U,\cdot )$


$n\in \mathbb {Z}.$


$U\in \mathcal {U}_x^{hc}$


$x<e$


\begin {equation*}a_x = \lim \limits _{n\to +\infty } x_U^{(n)} \quad \text { and } \quad d_x = \lim \limits _{n\to +\infty } x_U^{(-n)}.\end {equation*}


$U\in \mathcal {U}_x^{hc},$


$x<e$


$f:[0,1]\longrightarrow [0,1]$


$f(s)=U(x,s)$


$s \in [0,1]$


$f(s)\neq s$


$s\in ]a_x,d_x[,$


$f(s)=s$


$s\in [0,1]$


$U(s,y)\notin ]a_x,d_x[$


$y\in [0,1],$


$f(a_x)=a_x$


$f(d_x)=d_x,$


$U(a_x,d_x)\in \{a_x,d_x\}.$


$s\in ]a_x,d_x[$


$n\in \mathbb {N}$


$s\in ]x^{(n+1)}_U,x^{(n)}_U]$


$f(s)\in ]x^{(n+2)}_U,x^{(n+1)}_U].$


$]x^{(n+1)}_U,x^{(n)}_U]\cap ]x^{(n+2)}_U,x^{(n+1)}_U] = \emptyset $


$f(s)\neq s$


$s\in ]a_x,d_x[.$


$f(s)=s$


$s\in [0,1]$


$U(s,y)\in ]a_x,d_x[$


$y\in [0,1]$


\begin {equation*}U(s,y)\neq f(U(s,y))=U(f(s),y)=U(s,y),\end {equation*}


$s\in ]a_x,d_x[$


$f(s)\in ]a_x,d_x[$


$s<a_x$


$f(s) = U(x,s)\leq \min (x,s)<a_x$


$x<e$


$s<a_x<e.$


$f$


$f(a_x)=a_x.$


$f(d_x)=d_x.$


$U$


$a_x=U(a_x,e)\leq U(a_x,d_x)\leq U(e,d_x)=d_x,$


$U(a_x,d_x)\in [a_x,d_x].$


$f(a_x)=a_x$


$U(a_x,d_x)\notin ]a_x,d_x[,$


$U(a_x,d_x)\in \{a_x,d_x\}.$


$U\in \mathcal {U}_x^{hc}$


$x<e$


$[0,1]^2.$


$U(x,t)=t$


$t\in [0,a_x]\cup [d_x,1]$


$U\in \mathcal {U}_x^{hc}$


$x<e.$


$U(x,t)=t$


$t\in [0,a_x]\cup [d_x,1]$


$U$


$]a_x,d_x[$


$[0,a_x]\cup [d_x,1].$


$f$


$F$


$U(x,t)=t$


$t\in [0,a_x]\cup [d_x,1]$


$U(x_U^{(2)},t)=U(U(x,x),t) = U(x,U(x,t))=U(x,t)=t$


$U(x_U^{(n)},t)=t$


$t\in [0,a_x]\cup [d_x,1]$


$n\in \mathbb {Z}.$


$U(s,t)=t$


$s\in ]a_x,d_x[$


$t\in [0,a_x]\cup [d_x,1].$


$]a_x,d_x[$


$U$


$a_x$


$d_x.$


$[0,a_x]\cup [d_x,1]$


$U$


$U(s,t)\in ]a_x,d_x[$


$s,t\in [0,a_x]\cup [d_x,1].$


$u\in ]a_x,d_x[$


\begin {equation*}U(U(s,t),u)=U(s,U(t,u))=U(s,t),\end {equation*}


$U(s,t)$


$U$


$]a_x,d_x[.$


$f(U(s,t))=U(x,U(s,t))=U(s,t)\in ]a_x,d_x[,$


$[0,a_x]\cup [d_x,1]$


$U$


$U$


$]a_x,d_x[$


$[0,a_x]\cup [d_x,1].$


$U\in \mathcal {U}_x^{hc}$


$f:[0,1]\to [0,1]$


$[0,1],$


$F:[x,e]^2\to [x,e]$


$e$


$F,$


$F(x,s)=f(s)$


$s\in [x,e]$


$[0,a_x]\cup [d_x,1]$


$a,d\in ]0,1[,$


$a<d.$


$U_1$


$U_1^{'}$


$U_1$


$[a,d]$


$U_1^*$


$U_1^{'}$


$]a,d[^2.$


$]0,1[^2$


$U_1$


$U_1^*$


$[0,a]$


$x\cdot y$


$[d,1]$


$x\diamond y = x+y-x\cdot y.$


$G_1=([0,a],\cdot )$


$G_2=([d,1],\diamond )$


$G_3=(]a,d[,U_1^*])$


$G_i$


$i\in \{1,2,3\}$


$\preceq $


$2\prec 1 \prec 3$


$U$


$[0,1].$


$U$


$U\in \mathcal {U}_x^{hc}$


$]x,y[$


$e\in ]x,y[.$


$G_3$


$]a,d[$


$U\in \mathcal {U}_x^{hc}$


$x<e,$


$]a_x,d_x[$


$[0,a_x]\cup [d_x,1].$


$U_1^*$


$a=\frac {1}{4}$


$d=\frac {3}{4}.$


$U_1^*$


$]a,d[$


$e=\frac {1}{2}$


$f:]\frac {1}{4},\frac {3}{4}[ \longrightarrow ]\frac {1}{4},\frac {3}{4}[$


$u=\frac {3}{8}$


\begin {equation*}f(s) =U_1^*(u,s)= 2\cdot (s-\frac {1}{4})^2 +\frac {1}{4},\end {equation*}


$s\in ]\frac {1}{4},\frac {3}{4}[.$


$f$


$[0,1]$


\begin {equation*}f(s) = \begin {cases} 4\cdot s^2 &\text {if $s\leq \frac {1}{4},$}\\ 2\cdot (s-\frac {1}{4})^2 +\frac {1}{4} &\text {if $s\in ]\frac {1}{4},\frac {3}{4}[,$}\\ 4\cdot (s-\frac {3}{4})^2+\frac {3}{4} &\text {if $s\geq \frac {3}{4}.$} \end {cases}\end {equation*}


$f$


$f(0)=0,$


$f(1)=1$


$f(\frac {1}{4})=\frac {1}{4}$


$f(\frac {3}{4})=\frac {3}{4}.$


$f^{(0)}(s)=s,$


$f^{(n)}(s)=f(f^{(n-1)}(s))$


$f^{(-n)}(s)=f^{-1}(f^{(-n+1)}(s))$


$s\in [0,1],$


$n\in \mathbb {N},$


$f^{-1}$


$f.$


$n\in \mathbb {Z}$


$s\in ]\frac {1}{4},\frac {3}{4}[$


\begin {equation*}f^{(n)}(s) = \frac {1}{4} + \frac {1}{2}\cdot \left ( 2\cdot (s-\frac {1}{4})\right )^{2^n},\end {equation*}


$s\leq \frac {1}{4}$


\begin {equation*}f^{(n)}(s) = \frac {1}{4} \cdot \left (4\cdot s\right )^{2^n},\end {equation*}


$s\geq \frac {3}{4}$


\begin {equation*}f^{(n)}(s) = \frac {3}{4} + \frac {1}{4}\cdot \left ( 4\cdot (s-\frac {3}{4})\right )^{2^n}.\end {equation*}


$U:[0,1]^2\to [0,1]$


\begin {equation}\label {eqUf} U(x,y)=\begin {cases} 0 &\text {if $x,y\in [0,a],$} \\ 1 &\text {if $x,y\in [d,1[,$} \\ d &\text {if $(x,y)\in [0,a]\times [d,1[\cup [d,1[\times [0,a],$} \\ 1 &\text {if $\max (x,y)=1,$} \\ f^{(n)}(x) &\text {if $x\in [0,a]\cup [d,1], y\in ]f^{(n+1)}(e),f^{(n)}(e)]$ for $n\in \mathbb {Z},$} \\ f^{(n)}(y) &\text {if $y\in [0,a]\cup [d,1], x\in ]f^{(n+1)}(e),f^{(n)}(e)]$ for $n\in \mathbb {Z},$} \\ U_1^*(x,y) &\text {if $x,y\in ]a,d[.$} \end {cases}\end {equation}


$U$


$U$


$x\in ]a,d[$


$U(x,e)=x$


$U_1^*$


$U_1$


$]0,1[.$


$x\in [0,a]\cup [0,d]$


$U(x,e)=f^{(0)}(x)=x$


$e\in ]f(e),f^{(0)}(e)].$


$U$


$e$


$U.$


$x,y,z\in [0,1].$


$U(x,U(y,z)),U(U(x,y),z)$


$U(y,U(x,z)),$


$1\in \{x,y,z\}$


$U(x,U(y,z))=1=U(U(x,y),z) .$


$x,y,z\in [0,a]$


$U(x,U(y,z))=0=U(U(x,y),z).$


$x,y,z\in [d,1[$


$U(x,U(y,z))=1=U(U(x,y),z) .$


$x,y,z\in ]a,d[$


$U(x,U(y,z))=U(U(x,y),z)$


$U_1$


$x\in [0,a]$


$y,z\in [d,1[$


$U(x,U(y,z)) = U(x,1)=1,$


$U(U(x,y),z)=U(d,z)=1$


$U(y,U(x,z))=U(y,d)=1.$


$x\in [d,1[$


$y,z\in [0,a]$


$U(x,U(y,z)) = U(x,0)=d,$


$U(U(x,y),z)=U(d,z)=d$


$U(y,U(x,z))=U(y,d)=d.$


$x\in [0,a]$


$y,z\in ]a,d[$


$y\in ]f^{(n+1)}(e),f^{(n)}(e)],$


$z\in ]f^{(m+1)}(e),f^{(m)}(e)],$


$y_1=f^{(-n)}(y)\in ]u,e]$


$z_1=f^{(-m)}(z)\in ]u,e],$


$U(x,U(y,z)) = U(x,f^{(m+n)}(\min (y_1,z_1)))=f^{(m+n)}(x),$


$U(U(x,y),z)=U(f^{(n)}(x),z)=f^{(m+n)}(x)$


$U(y,U(x,z))=U(y,f^{(m)}(x))=f^{(m+n)}(x).$


$x\in ]a,d[$


$y,z\in [0,a]$


$x\in ]f^{(n+1)}(e),f^{(n)}(e)],$


$x_1=f^{(-n)}(x)\in ]u,e]$


$U(x,U(y,z)) = U(x,0)=f^{(n)}(0)=0,$


$U(U(x,y),z)=U(f^{(n)}(y),z)=0$


$f^{(n)}(y)\leq a$


$U(y,U(x,z))=U(y,f^{(n)}(z))=0.$


$x\in [d,1[$


$y,z\in ]a,d[$


$y\in ]f^{(n+1)}(e),f^{(n)}(e)],$


$z\in ]f^{(m+1)}(e),f^{(m)}(e)],$


$y_1=f^{(-n)}(y)\in ]u,e]$


$z_1=f^{(-m)}(z)\in ]u,e],$


$U(x,U(y,z)) = U(x,f^{(m+n)}(\min (y_1,z_1))) = f^{(n+m)}(x),$


$U(U(x,y),z)=U(f^{(n)}(x),z)=f^{(n+m)}(x)$


$U(y,U(x,z))=U(y,f^{(m)}(x))=f^{(n+m)}(x).$


$x\in ]a,d[$


$y,z\in [d,1[$


$x\in ]f^{(n+1)}(e),f^{(n)}(e)],$


$x_1=f^{(-n)}(x)\in ]u,e]$


$U(x,U(y,z)) = U(x,1)=1,$


$U(U(x,y),z)=U(f^{(n)}(y),z)=1$


$f^{(n)}(y)\geq d$


$U(y,U(x,z))=U(y,f^{(n)}(z))=1.$


$x\in [0,a],$


$y\in ]a,d[$


$z\in [d,1[$


$y\in ]f^{(n+1)}(e),f^{(n)}(e)],$


$y_1=f^{(-n)}(y)\in ]u,e]$


$U(x,U(y,z)) = U(x,f^{(n)}(z))=d,$


$1>f^{(n)}(z)\geq d,$


$U(U(x,y),z)=U(f^{(n)}(x),z)=d$


$f^{(n)}(x)\leq a$


$U(y,U(x,z))=U(y,d)=f^{(n)}(d)=d.$


$x,y,z\in [0,1]$


$y<z.$


$y<1$


$z=1$


$U(x,y)\leq 1=U(x,z).$


$z<1.$


$x=1$


$U(x,y)=1=U(x,z).$


$x\in [d,1[$


$y\in [d,1[$


$z\in [d,1[$


$U(x,y)=1=U(x,z).$


$x\in [d,1[$


$y\in ]f^{(n+1)}(e),f^{(n)}(e)]$


$n\in \mathbb {Z}$


$z\in [d,1[$


$U(x,y)=f^{(n)}(x)<1=U(x,z).$


$z\in ]f^{(m+1)}(e),f^{(m)}(e)]$


$m\in \mathbb {Z}$


$n\geq m$


$U(x,y)=f^{(n)}(x)\leq f^{(m)}(x)=U(x,z).$


$x\in [d,1[$


$y\in [0,a]$


$z\in [0,a]$


$U(x,y)=d=U(x,z),$


$z\in [d,1[$


$U(x,y)=d<1=U(x,z)$


$z\in ]f^{(m+1)}(e),f^{(m)}(e)]$


$m\in \mathbb {Z}$


$U(x,y)=d\leq f^{(m)}(x)=U(x,z).$


$x\in ]f^{(n+1)}(e),f^{(n)}(e)]$


$n\in \mathbb {Z}$


$y\in [d,1[$


$z\in [d,1[$


$U(x,y)=f^{(n)}(y)\leq f^{(n)}(z)=U(x,z)$


$f$


$x\in ]f^{(n+1)}(e),f^{(n)}(e)]$


$n\in \mathbb {Z}$


$y\in ]f^{(m+1)(e)},f^{(m)}(e)]$


$m\in \mathbb {Z}$


$z\in ]a,d[$


$U(x,y)\leq U(x,z)$


$U_1^*$


$z\in [d,1[$


$U(x,y)\leq U(x,z)$


$U(x,z)=f^{(n)}(z)\geq d$


$U(x,y)\in ]a,d[.$


$x\in ]f^{(n+1)}(e),f^{(n)}(e)]$


$n\in \mathbb {Z}$


$y\in [0,a]$


$z\in [0,a]$


$U(x,y)=f^{(n)}(y)\leq f^{(n)}(z)=U(x,z)$


$f$


$z\in ]f^{(m+1)}(e),f^{(m)}(e)]$


$m\in \mathbb {Z}$


$U(x,y)\leq U(x,z)$


$U(x,y)=f^{(n)}(y)\leq a$


$U(x,z)\in ]a,d[.$


$z\in [d,1[$


$U(x,y)=f^{(n)}(y)\leq a<d\leq f^{(n)}(z)=U(x,z).$


$x\in [0,a]$


$y\in [d,1[$


$z\in [d,1[$


$U(x,y)=d=U(x,z).$


$x\in [0,a]$


$y\in ]f^{(n+1)}(e),f^{(n)}(e)]$


$n\in \mathbb {Z}$


$z\in ]f^{(m+1)}(e),f^{(m)}(e)]$


$m\in \mathbb {Z}$


$n\geq m$


$U(x,y)=f^{(n)}(x)\leq f^{(m)}(x)=U(x,z).$


$z\in [d,1[$


$U(x,y)=f^{(n)}(x)\leq a< d=U(x,z).$


$x,y\in [0,a]$


$U(x,y)=0\leq U(x,z).$


$U$


$[0,1],$


$U$


$]a,d[$


$[0,a]\cup [d,1].$


$(U,N)$


$(U,N)$


$[0,1]$


$(U,N)$


$N$


$[0,1]^2$


$(U,N)$
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of S-implications, constructed using t-conorms and strong negations [12]. Subsequent developments expanded this framework to
(S, N)-implications by incorporating arbitrary fuzzy negations [18], and further generalized to (A4, N)-implications where aggrega-
tion functions replace t-conorms [19]. A particularly notable subclass arises when disjunctive uninorms are used, leading to (U, N)-
implications [20], which is a family that is suitable to define a fuzzy morphology based on uninorms [21].

Throughout the years, there have been several advances in the characterization of these families of fuzzy implication functions: In
[22], the authors characterized (.S, N)-implications with continuous negations, while [16,23,24] extended these results to uninorms,
2-uninorms, and grouping functions under the same continuity condition. Later, Fernandez-Peralta et al. [25] provided a representa-
tion theorem of (S, N)-implications for non-continuous negations, linking the problem to the completion of t-conorms in undefined
regions [26,27]. A key step in these results is the reconstruction of the aggregation function from the given negation and implication.
Depending on the conditions, this reconstruction may or may not be unique, a direct consequence of whether the fuzzy implication’s
representation in terms of the aggregation function is unique. For example, in the case of (S, N)-implications, uniqueness holds when
the fuzzy negation N is continuous but it can fail otherwise. Similarly, Baczyniski and Jayaram [23] claimed that (U, N)-implications
have a unique representation when the negation N is continuous. However, in this work, we prove that (U, N)-implications do not
generally possess a unique representation, even when N is continuous.

This finding raises new questions regarding the conditions that guarantee uniqueness of representation, as well as the character-
ization of all uninorms generating the same fuzzy implication function. In this paper, we provide a comprehensive investigation of
both problems, considering uninorms with both continuous and non-continuous underlying functions [28,29].

The structure of the paper is as follows. First, in Section 2 we include the necessary background. In Section 3 we prove that the
representation of (U, N)-implications is not unique. In Section 4 we present the results regarding the uniqueness of representation.
The paper ends in Section 5 with some conclusions and future work.

2. Preliminaries

In this section, we provide the results and definitions necessary for making this paper self-contained. For more information
regarding fuzzy implications and aggregation functions, we refer the reader to the books [1,30-33].
A fuzzy negation N is a decreasing unary function which is the generalization of the classical negation.

Definition 1 ([34]). A unary function N : [0, 1] — [0, 1] is said to be a fuzzy negation if it satisfies:

(N1) N@O)=1and N(1)=0. (Boundary Condition)
(N2) N is decreasing. (Monotonicity)
A fuzzy negation N is called

(i) strict, if it is strictly decreasing and continuous.
(ii) strong, if it is an involution, i.e., N(N(x)) = x for all x € [0, 1].

It is straightforward to prove that any strong fuzzy negation is strict.
For some results, it is useful to consider the pseudo-inverse of fuzzy negations which is defined as follows.
Definition 2 ([22]). Let N be a fuzzy negation, the modified pseudo-inverse of N is denoted by R and it is defined as follows

1 ifx=0,
Ry(x) = {N<—1>(x) if x €10, 11,

@
where N1 is the pseudo-inverse of N given by
ND(x) =sup{y € [0,1]| N(») > x}, forall x € [0,1].

The modified pseudo-inverse of a continuous negation is a strictly decreasing fuzzy negation that satisfies the inverse function equal-
ities, but only one of them when restricted to its range.

Proposition 1 ([22, Proposition 3.13]1). If N is a continuous fuzzy negation, then R y, is a strictly decreasing fuzzy negation. Moreover,
the following statements hold:

@ RV =N
(i) NoRy =idy,).
(i) RyoN |ran Ry = idRan Ry

Bivariate aggregation functions were originally developed as generalizations of classical conjunctions and disjunctions.
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Definition 3 ([35, Definition 3]). A bivariate aggregation function is an increasing function A : [0, 1]> — [0, 1] verifying the boundary
conditions A(0,0) = 0 and A(1,1) = 1.

Since in this work we only deal with two variable aggregation functions, we omit the term bivariate for simplification.
Among the most important aggregation functions are uninorms, characterized by associativity and the existence of a neutral
element e € [0, 1].

Definition 4. [33,36] A binary operator U : [0,1]> — [0, 1] is said to be a uninorm if there exists e € [0, 1], called neutral element,
such that U satisfies:

(U1) U(x,y)=U(y,x) for all x,y € [0,1]. (Commutativity)
(U2) Ux,U(y,2)=UU(x,y),z) forall x,y,z €[0,1]. (Associativity)
(U3) U(x,y) <U(x,z)when y< z, forall x,y,z € [0,1]. (Monotonicity)
(U4) U(x,e)=x forall x €[0,1]. (Neutral element)

For every uninorm U, it holds that U(1,0) € {0,1}. We call U conjunctive if U(1,0) = 0 and disjunctive if U(1,0) = 1. Furthermore,
when the neutral element in Definition 4 equals e = 1, the uninorm reduces to a t-norm, whereas setting e = 0 yields a t-conorm. To
distinguish these boundary cases, a uninorm is said to be proper if its neutral element satisfies e €]0, 1[.

Proposition 2 ([37, Proposition 1]). Let U be a uninorm with neutral element e €]0, 1[. Then U has the following representation

e-Ty(%.2) ifx.ye[0.el,
Ulx,y) = e+(1—e)~SU(g,g) ifx,y €le1], 2
C(x,y) otherwise,

where Ty; is a t-norm, .Sy, is a t-conorm and C : [0,e] X [e, 1] U [e, 1] X [0, e] — [0, 1] fulfills min{x, y} < C(x, y) < max{x, y} for all (x,y) €
[0,e] X [e, 11U [e, 1] X [0, e]. In this case, Ty; and Sy, are called the underlying t-norm and t-conorm, respectively.

A uninorm has continuous underlying functions if its underlying t-norm and underlying t-conorm are both continuous. The class of
uninorms with continuous underlying functions is denoted as COU.

The structure of uninorms is more complex than t-norms and t-conorms, so usually these operators are classified in many different
families [37]. For a recent comprehensive survey on uninorms and their main classes, we refer the reader to [38]. Some well-known
characterized families of uninorms can be found hereunder.

Theorem 1 ([37, Theorem 1]). Let U be a uninorm with neutral element e €10, 1[.

(@) If U(0,1) = 0 and the function U(-, 1) is continuous except in x = e, then U is given by Eq. (2) with C = min. This class of uninorms is
denoted by U;,-

(i) If U(0,1) = 1 and the function U(-,0) is continuous except in x = e, then U is given by Eq. (2) with C = max. This class of uninorms is
denoted by U,

Definition 5 ([1, Definition 5.1.5]). A uninorm U such that U(x, x) = x for all x € [0, 1] is said to be an idempotent uninorm. The
class of all idempotent uninorms is denoted by U’ 4,,,-

The characterization of idempotent uninorms can be found in [37,39] and it is based on a decreasing function g : [0, 1] — [0, 1] which
fulfills specific conditions.

Definition 6 ([1, Theorem 5.1.12]). A uninorm U is called representable if it has a continuous additive generator, i.e., there exists a
continuous and strictly increasing function 4 : [0, 1] — [—o0, +00] such that 4(0) = —oo0, h(e) = 0 for an e €]0, 1[ and h(1) = +o0, which
is uniquely determined up to a positive multiplicative constant, such that

o if (x, y) € {(0, 1), (1,00},
Ux,y) = {h—l(h(x) +h(y)) otherwise,
or

_J1 if (x,y) € {(0,1),(1,0)},
Ubey = {h—l(h(x) +h(y) otherwise.

The class of all representable uninorms is denoted by Ug,,-

Further, in some parts of the paper we make use of specific results concerning the structure of uninorms, which can be found in
[28,29]. To avoid making the preliminaries overly detailed, we do not recall these results here but in the specific proofs.

Now, regarding the classical conditional, the generalization to fuzzy logic is given by fuzzy implication functions, which are
defined as follows.
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Definition 7. [1,34] A binary operator I : [0, 1]%> — [0, 1] is said to be a fuzzy implication function if it satisfies:

(I1) I(x,z)> I(y,z) when x <y, forall x,y,z € [0,1]. (Left Antitonicity)
(I12) I(x,y)<I(x,z) when y<z, forall x,y,z € [0,1]. (Right Isotonicity)
(I3) 1(0,00=1I(1,1)=1and I(1,0)=0. (Boundary Conditions)

From Definition 7 it can be easily derived that 7(0,x) = I(x,1) =1 for all x € [0, 1]. However, the values I(x,0) and I(1,x) are not
predetermined by the definition. In fact, the values I(x,0) define what is called the natural negation of a fuzzy implication function.

Definition 8 ([1, Definition 1.4.14]). Let I be a fuzzy implication function. The function N; : [0, 1] — [0, 1] defined by
N;(x) = I1(x,0), forall xel[0,1],
is a fuzzy negation called the natural negation of I.

Apart from the natural negation which considers the horizontal section of the fuzzy implication function at y = 0, for those operators
related to uninorms is of use to consider other horizontal cuts that may be fuzzy negations.

Definition 9 ([23, Definition 3.4]). Let I : [0,1]*> — [0, 1] be any function and a € [0, 1[. If the function N}” : [0,1] - [0,1] given
by

N{(x)=I(x,a), forallxe][0,1],
is a fuzzy negation, then it is called the natural negation of I with respect to a.

Beyond the basic definition, additional properties are often studied and imposed depending on the context. Among the numerous
possible properties (see [9, Table 1] for a comprehensive list), we focus here on those most relevant to our work:

(NP) Left neutrality: I1(1,y) =y, for all y € [0, 1].
(EP) Exchange principle: 1(x, I(y, z)) = I(y, I(x, z)), for all x, y, z € [0, 1].
(IP) Identity principle: I(x,x) = 1, for all x € [0, 1].
(OP) Ordering property: I(x,y)=1< x < yforall x,y € [0,1].
(CP(N)) Contrapositive symmetry (w.r.t N): I(x,y) = I(N(y), N(x)) for all x,y € [0, 1].
(L-CP(N)) Left contraposition (w.r.t N): I(N(x),y) = I(N(y),x) for all x,y € [0, 1].
(R-CP(N)) Right contraposition (w.r.t N): I(x, N(y)) = I(y, N(x)) for all x, y € [0, 1].

Furthermore, numerous families of fuzzy implication functions have been studied in the literature (see [9]). In this work, we focus
specifically on generalizations of the material implication known as (4, N)-implications, where A represents a given aggregation
function.

Definition 10 ([35, Definition 31]). A function I : [0, 1]*> — [0, 1] is called an (A, N)-implication if there exist an aggregation function
A and a fuzzy negation N such that

I(x,y) = A(N(x),y), forallx,ye[0,1]. 3)
If I is an (A, N)-implication generated from A and N, then it is denoted by I .

The function defined in Eq. (3) satisfies the conditions for being a fuzzy implication function if and only if A is a disjunctor, i.e., if
A(x,1) = A(1, x) = 1 (see [35, Theorem 33]). However, since the structure of this family highly depends on the underlying aggregation
function, it is typically divided into distinct subfamilies. Below we highlight the three most relevant cases, for a more complete list
we refer the reader to [9, Table 4].

e If A= Sisat-conorm and N is a strong negation, then I,  belongs to the family of S-implications [12].
e If A= S is a t-conorm, then I, y belongs to the family of (S, N)-implications [1].
e If A= U is a uninorm then I AN belongs to the family of (U, N)-implications [20].

Since this family of fuzzy implication functions is one of the most important ones, a problem of interest throughout the last decades
has been to provide a characterization in terms of their properties. Indeed, in [12, Theorem 3.2] the authors already provided a
characterization for .S-implications based on the properties (NP), (EP) and (CP(N)). Later, Baczynski and Jayaram [22, Theorem 5.2]
extended this result to continuous negations, showing that only (I1) and (EP) are required in this case. For the non-continuous case,
it was proved in [40, Theorem 28] that the characterization problem is related to the completion of the corresponding t-conorm
unknown in certain regions that depend on the discontinuity points of the fuzzy negation. This problem has already been solved in
the case when N has one point of discontinuity [26,27]. On the other hand, for continuous negations and uninorms, the following
characterization was obtained in [23].
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Theorem 2 ([23, Theorem 6.4]). For a function I : [0,1]> - [0, 1] the following statements are equivalent:

(D I isan (U, N)-implication generated from some uninorm U with the neutral element e €]0, 1[ and some continuous fuzzy negation N.
(i) I satisfies (I1), (I3), (EP) and N;’ is a continuous negation for some e €]0, 1[.

Moreover, the representation of the (U, N )-implication is unique with

N(&x) = Nf(x), forallx €[0,1], U(x,y)=IRyK),y), foralx,ye]l0,1].

Differently from (S, N)-implications, in this case the boundary conditions (I3) need to be imposed and the representation is given
in terms of natural negation with respect to e. Moreover, in Theorem 2 the authors claim that, similarly to (.S, N)-implications, the
representation of the (U, N)-implication is unique. Nonetheless, in the upcoming sections, we prove that this statement does not hold
and we study the conditions under which the uniqueness of representation is guaranteed.

3. Corrigendum: non-uniqueness of the representation of (U, N)-implications even if N is continuous

In this section, we revisit the part of the proof of Theorem 2 that establishes the uniqueness of the representation. We identify the
step in which the authors’ reasoning fails and then present general results specifying the conditions under which the representation
of a (U, N)-implication is unique.

Let I be a fuzzy implication function and let us assume that there exist two continuous fuzzy negations N,, N, and two uninorms
U,, U, with neutral elements e, e, €]0, 1[, respectively, such that I(x,y) = U;(N,(x), y) = U,(N,(x), y) for all x,y € [0, 1]. According
to [23], in this case, it must happen that Ny = N, = N f‘ =N ;2 and from there, and with the assumption of the continuity of the
negation, they prove that U, = U,. Nonetheless, in the following example, we show that this is not necessarily the case. In particular,
we later show that the equality N; = N, = N;' = N,? holds only if ¢; = e,.

Example 1. Let U;,U, : [0,1]> = [0,1] and N, N, : [0, 1] = [0, 1] be functions given by

1-x
N =1- N = —
1(x) X, 2(x) T+ 2x
xy ; 2
Uiy = { Sy 0 €01 (O.1.1,0),
otherwise,

3xy+(1=x)(1-y)

3xy if 12 1 |
Uz(x,y)z{ 5 if (x,») €10, 117\ {0, 1), (1,0)},

otherwise.

,and N, and

Then U, is a disjunctive uninorm with neutral element ¢, = % U, is a disjunctive uninorm with neutral element e, = i

N, are continuous fuzzy negations. Moreover, for (x,y) € [0, 1]? \ {(0,0), (1, 1)}, we have
(I=x)y

1 =x)y+x(1-y)°

U, (N, (1), 1) = Uy(Ny(1), 1) = 1 and U, (N,(0),0) = U,(N,(0),0) = 1.

Ui (N(x),y) = Uy(Ny(x), ) =

As stated before, the issue in the proof of Theorem 2 arises from assuming that N; = N, under continuity conditions. In the
following proposition, we show that to ensure uniqueness of representation, we must either know that U, = U, or that the negations
are continuous and N; = N, or ¢; = e,.

Proposition 3. Let I : [0,1]?> — [0, 1] be a fuzzy implication function, U,,U, : [0, 1]> — [0, 1] two disjunctive uninorms with neutral ele-
ments e, e, €0, 1[, respectively and N, N, : [0,1] - [0, 1] two fuzzy negations such that

I(x,y) = Uj(N(x), ) = Uy(Np(x), y).
Then, the following statements hold:

() Ife; = e,, then N| = N,. In particular, if U, = U,, then N; = N,.
(i) If N, N, are continuous and N| = N, then U, = U,.
(iii) If e; = e, and N, N, are continuous then U, = U, and N|; = N,.

Proof.
(i) If e, = e, = e then for each x € [0, 1]
N (x) =U(N{(x),e) = I(x,e) = Uy(N,(x),e) = Ny(x).

(i) Let xq,y, € [0, 1], since N = N, = N, is a continuous fuzzy negation for any x, € [0, 1] there exists x; € [0, 1] such that N(x,) = x,

and then
U (xg, y0) = Ui (N (x1), y9) = 1(x1, y0) = Up(N(x1), yp) = Up(x¢, ¥p)-
Thus, U; = U,.
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(iii) If e; = e, = e then for any x € [0, 1]
Ni(x) =U(N(x),e) = I(x,e) = Uy(Ny(x),e) = Nyp(x),
and by Point (ii) we obtain U, = U,.
a

In the case of considering non-continuous negations, then it is clear that, similarly to (.S, N)-implications, we also may not have a
unique representation. Indeed, in this case, since the fuzzy implication function is defined via the equation U(N(x), y), the horizontal
cuts are only evaluated in the range of N, which is not [0, 1] anymore. Below, we illustrate this with an explicit example.

Example 2. Let U; and U, be two disjunctive uninorms, with neutral elements e, e,, respectively, such that U, (0, x) = 0 = U, (0, x)
for all x € [0, 1[ . Let N, for i € {1,2} be two fuzzy negations given by

1 ifx=0,
N;i(x)=40 ifx=1,
e; otherwise.

Then U, (N, (x),y) = U,(N,(x),y) = I(x,y) for all x, y € [0, 1], where
1 ifx=0o0ory=1,
I(x,y)=40 ifx=1andye€][0,]1[,
y otherwise.

There are many uninorms that may be considered in this example, such as any disjunctive uninorm in Uk,,, any uninorm of the form
(ii) or (vi) in Theorem 3 from [41] (including those with non-Archimedean continuous underlying functions). Note that all these
uninorms have positive underlying t-conorms since otherwise U (x, y) = 1 holds for some x, y € [e, 1[ and

1=U0,1)=U0,U(x,y)=UU0,x),y) =U(@©,y) =0,
which is a contradiction.
As a first step, this paper investigates the properties of a disjunctive uninorm U that guarantee the uniqueness of the representation

of any (U, N)-implication for continuous fuzzy negations.

4. On the unique representation of (U, N)-implications with a continuous negation

In this section, we first establish the conditions under which the representation of (U, N)-implications is unique under the conti-
nuity assumption. Subsequently, we examine uninorms that fail to satisfy these conditions.

4.1. Uniqueness of representation

We start by proving that if a (U, N)-implication generated by a continuous fuzzy negation does not have a unique representation,
i.e., it is generated by two uninorms and two fuzzy negations, where either uninorms or negations differ from each other, then both
uninorms and negations have to be necessarily different, and, moreover, the uninorms have a continuous horizontal cut at a point
different from the corresponding neutral element.

Proposition 4. Let N|, N, : [0, 1] — [0, 1] be two continuous fuzzy negations, U,, U, : [0, 1]> - [0, 1] two disjunctive uninorms with neutral
elements e, e, €10, 1[, respectively, and I, v, Iy, n, the corresponding (U, N)-implications. If Iy n, = Iy, n, and either e, # e,, or N; #
N,, or U, # U, then

(i) e; #e,and N| # N,,and U, # U,,
(i) f,: [0,1] — [0, 1] given by f,(x) = U,(x, e,) for x € [0, 1], is a continuous, increasing function such that f,(0) =0 and f,(1) =1,
(iii) f,: [0,1] — [0, 1] given by f,(x) = U,(x, ey) for x € [0, 1], is a continuous, increasing function such that f,(0) = 0 and f,(1) = 1.

Proof. Point (i) follows from Proposition 3. Since function f; is defined as f,(x) = U,(x, e,) for all x € [0, 1], it is clear that f; is
increasing and since Iy y, = Iy, v, we have

£100) = Uy (0.e5) = U (Ny(1). &) = Iy, n, (Lex) = Iy, n, (1. e3) = Up(Na(1).e5) = Ny(1) =0,
L) =Uy(Ley) = U (N (0).6) = Iy, (0. 9) = Iy, n, (0. €3) = Up(N5(0), ¢5) = Ny(0) = 1.

Next, let us assume that f| is not continuous, i.e., there exists a € [0, 1] such that lim,_,, f;(x) # f1(a) = U (a, e,y). If lim_, - f(x) #
f1(a) then there exists r € [0, 1] such that

U,(s,e;) <r<U(a,e;) forall s <a.
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Denote X = sup{x € [0,1] | N|(x) = a}. Since N, is a continuous decreasing function then N,(X) = a and N,(x) < a for all x > X. More-
over,

U (N{(X),ep) = U (a,e,),

U, (N(x),e;) <r, forall x> x.
Since

U, (N|(x),ey) = Uy(Ny(x),e5) = N,(x), forall x €[0,1],
we obtain

lim Ny(x) = lim U;(N{(x),e;) <r < U;(N(X),ep) = Ny(X),

x—xt x—xt
which is a contradiction with the fact that N, is a continuous function.

On the other hand, if lim,_, ,+ f(x) # f,(a) we arrive at a contradiction in an analogous manner. Thus, f| is a continuous function.
Finally, Point (iii) can be proven similarly to Point (ii). O

Thanks to the proposition above, we can directly affirm that the representation of a (U, N)-implication with a fuzzy continuous
negation N and a uninorm U is not unique if and only if U has a continuous horizontal cut, at a point different from the neutral
element of U, whose range is [0, 1].

Proposition 5. Let N : [0, 1] — [0, 1] be a continuous fuzzy negation, U a disjunctive uninorm with neutral element e €10, 1[ and I the
corresponding (U, N)-implication. Then, the representation of I as a (U, N )-implication with a continuous fuzzy negation is not unique if and
only if there exists an a €0, 1[, a # e such that f(x) = U(-, ) is a continuous, increasing function with f(0) =0 and f(1) = 1.

Proof.

(=) Directly from Proposition 4.
(<) By hypothesis, function N{(x) = U(N(x),) is a continuous fuzzy negation. Now, let us define

Uy (x,y) = I(WN;x(x), y) forall x,y €[0,1].

Since by [23, Proposition 5.2] we know that (U, N)-implication I satisfies (EP), then by [23, Corollary 6.3] we obtain that U, , is
a disjunctive uninorm with neutral element a. Now, to prove that U; ,(N (), ) =1(x,y) for all x, y € [0, 1] we need to distinguish
between two cases:

- IfxeRanR e then by (iii)-Proposition 1 we have that

Ura(N{(x), ) = IR yaoN{(x),y) = I(x, y).

- If x ¢ Ran 2RNla, from the continuity of N7 we know that there exists ¥ € Ran R y« such that N{(x) = N{(%). For y € [0, 1],
again by the continuity of N' 1" there exists j € [0, 1] such that N }’ (9) = y and since I satisfies (R-CP(N}')) (see [23, Lemma 3.5])
we have

I(x,y) =I(x, N{(#) = L(F, N](x)) = [(F, Nj (%)) = I(X, N} () = I(%, ).
Thus,
U o (Nj(x),9) = Up o(N7(X),») = I(%,y) = I(x, ).
O

By the proof of Proposition 5 we can deduce that horizontal cuts totally determine the representations of (U, N)-implications with
continuous negations.

Corollary 1. Let I be a (U, N)-implication generated from some uninorm U with neutral element e €]0, 1[ and some continuous fuzzy
negation N. Then, any representation of I as a (U, N)-implication with a uninorm U* and a continuous fuzzy negation N* is given by

N*(x) = N;’(x), forallx €[0,1], U*(x,y)=IRy(x),y), forallx,yel0,1],

where a €]0, 1[ and the horizontal cut 1(-,a) is a fuzzy continuous negation. In particular, at least a = e fulfills these conditions and the
representation is unique if and only if I(-,e) is the only horizontal cut which is a continuous fuzzy negation.

Corollary 1 jointly with the first part of Theorem 2 characterizes (U, N)-implications with a continuous fuzzy negation and their
representations. Moreover, it shows that only fuzzy implication functions with a unique horizontal cut, which is a fuzzy negation,
have uniqueness of representation. If we assume that this fuzzy implication function is generated by a continuous fuzzy negation N
and a disjunctive uninorm U, then the equivalent condition is that the only continuous, increasing horizontal cut with U(0,a) =0
and U(1,a) = 1 is the one corresponding to the neutral element of the uninorm a = e.

7
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Example 3. Let us consider e €]0, 1[, N a continuous fuzzy negation and U a disjunctive uninorm given by

1 if max(x,y) =1,

max(x,y) if x,y €le, 1],

0 if x,y € [0,e[,
Ux,y) =1 . xy€l0.d

x ify=e,

y ifx=e,

min(x,y) otherwise,

i.e., the underlying functions of U are the maximum t-conorm and the drastic product t-norm. In this case, the horizontal cuts are the
following

U(x,a)=1 fora=1,

x ifx<e,

Ux,a)=qa ife<x<a, foralla>e,
x ifx>a,
0 ifx<e,

Ux,a)=qa ife<x<1, foralla<e.
1 ifx=1,

Since no horizontal cut except for y = e is continuous with range [0, 1], the fuzzy implication function /(x, y) = U(N(x), y) has a unique
representation as a (U, N)-implication with a continuous fuzzy negation.

In the following subsections, we denote by Uf" the set of all disjunctive uninorms defined on [0, 1], which have a continuous
horizontal cut, with range [0, 1], in point x € [0, 1] different from neutral element and we will study uninorms from 1/;’“. We will first
consider uninorms with continuous underlying functions, which were characterized in [28], and then we will focus on uninorms with
non-continuous underlying functions, whose complex structure does not allow for complete characterization.

4.2. Uninorms with continuous underlying functions

In this section, apart from the continuity of the fuzzy negation we also assume that the involved uninorm has continuous underlying
functions. In this case, the representation of the corresponding (U, N)-implication is not unique and it is determined by any uninorm
which is a linear transformation of some representable uninorm inside a sub-square of [0, 1]> which is delimited by idempotent points.

Proposition 6. Let N;, N, : [0, 1] — [0, 1] be two continuous fuzzy negations, U,, U, : [0, 11> — [0, 1] two disjunctive uninorms with neutral
elements e, e, €]0, 1[, respectively, and let I1(x,y) = U;(N(x), y) = U,(N,(x),y). If U; has continuous underlying functions and N, # N,
then also U, has continuous underlying functions and there exist idempotent points a,d € [0, 1] such that the restriction of U, (resp. of U,) to
la, d[? is a linear transformation of some representable uninorm restricted to 10, 1[2. Moreover, U, coincides with U, on ([0, a] U [d, 1])*.

Proof. From Proposition 5 we know that N, # N, implies U, # U, and e, # e,. Moreover,
Ny(x) = Up(Ny(x),e5) = I(x,€5) = Uj(N{(x), €3),

and from Proposition 4 we know that U, (-, e,) is a continuous function with range [0, 1]. Therefore, there exists x, € [0, 1] such that
U,(x,,e,) = e;. Observe that since U, (e, e,) = e, then e; > ¢, (e; < e,) implies x, > ¢; (x, < e;). Due to [29, Proposition 8] we know
that there exist idempotent points a,d € [0,1]of U}, a < d, such that x,, e,,e; €]a,d[ and U, is continuous on Ja, d[X[0, 1] U [0, 1]X]a, d[.
Due to the monotonicity of U; and Lemma 2 and Proposition 8 from [29] we know that U, (a,x) = a and U,(d, x) = d for all x €]la, d[.
Therefore, the restriction of U, to [a, d)? is a uninorm on [a, d] which is non-continuous only in points (a,d) and (d, a). Proposition 6
from [42] then shows that U, restricted to ]a, d[? is a linear transformation of some representable uninorm restricted to 10, 1[2. Lemma
10 from [28] then implies

U, (x, y) = min(x, y) for all (x, y) € ([0, a] X [a,d[) U ([a,d[X[O0, a]), 4)
and
U, (x,y) = max(x, y) for all (x,y) € ([d, 1]1x]a,d]) U (Ja,d] x [d, 1]). 5)

Thus, all cuts U, (-, x) for x €la, d[ are continuous with range [0, 1]. However, for all x € [0,a] U [d, 1] the cut U,(-, x) is either non-
continuous, or its range is not [0, 1]. Indeed, in the opposite case we can show similarly as above that U, (x, y) = e, for some y € [0, 1]
and Lemma 4 from [29] shows that x ¢ {a,d}. However, then there exist idempotent points a,,d, € [0, 1] of U, a, < d, such that
X, Y, e, €lay,d;[, the restriction of U, to la,,d,[? is a linear transformation of some representable uninorm and either a €la,, d,[, or
d €la,, d,[, which is a contradiction, since each representable uninorm has only trivial idempotent points e, 0, 1. Now, consider any

8
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x €]a,d[. Since range of U,(-,x) on ]a,d[ is ]a,d[ and e, €]a, d[, there exists y €]a, d[ such that U,(y, x) = e,. Moreover, there exists
¥o € [0, 1] such that N,(yy) = y. Then

Uy (Ny(yp), X) = U1 (N (y), x) = Uy (y, x) = e,.
Thus for all x €]a, d[ there exists z € [0, 1] such that U,(z, x) = e,. Moreover, for each v € [0, 1]
v =U,(v,ey) = Uy (v, Uy(z, x)) = Up(Uy (0, 2), x),
i.e., the range of U, (-, x) is [0, 1] and due to the monotonicity of U, the cut U,(-, x) is continuous for all x €]a, d[. Thus, U, is continuous
on Ja,d[x[0,1] U [0, 1]X]a, d[.
Since N, is continuous, there exists x € [0, 1] such that N,(x) = a and then
Ny(x) = Uy(Ny(x),e5) = U (N (x),ep) = Uy(a,e;) = a,
and similarly N,(y) = d implies N,(y) = d. Therefore, U,(a,a) = U,(a,a) = a and U,(d,d) = U,(d,d) = d. Thus, similarly as above, U,

restricted to ]a, d[? is a linear transformation of some representable uninorm restricted to 10, 1[2.
For all x € [0, 1] such that N,(x) < a we get

Ny (x) = Uj(N(x),e5) = Ny(x),
due to Eq. (4) and for all x € [0, 1] such that N, (x) > d we get
Ny(x) = Uj(N(x),e5) = N (x),
due to Eq. (5). Then, for each x € [0,a] U [d, 1] there exists x* € [0, 1] such that N,(x*) = N,(x*) = x. and we have
Ui(x,y) = U(N(x%), ) = I(x*, y) = Up(Ny(x"), ) = Us(x, y),
for all y € [0, 1]. Therefore, for any x € [0,a] U [d, 1] we have U, (x, y) = U,(x, y) for all y € [0, 1]. This shows that U, and U, can differ

only on Ja,d[* and since U, restricted to ]a, d[? is a linear transformation of some representable uninorm restricted to 10, 1[> we see
that U, has continuous underlying functions. [

Remark 1.

(i) From [28, Proposition 11] we know that each uninorm with continuous underlying functions can be expressed as an ordinal sum of
semigroups related to continuous Archimedean t-norms, t-conorms, representable uninorms and trivial semigroups. Proposition 6
shows that if I(x, y) = U;(N(x), y) = U,(N,(x), y) holds for all x, y € [0, 1] for some continuous fuzzy negations N;, N, with N| # N,
and disjunctive uninorms with continuous underlying functions U,, U, then the corresponding ordinal sum decomposition of U,
and U, differ only in one summand, which corresponds to the top element in the related linear order and in both cases it is a
representable semigroup defined on Ja, d[.

(ii) Let U, : [0,1]*> = [0, 1] be a disjunctive uninorm with continuous underlying functions and neutral element e; €]0, 1[ and let
N, : [0, 1] - [0, 1] be any continuous fuzzy negation. If the top summand in the ordinal sum decomposition of U, is a representable
semigroup defined on ]a,d[ then from the proof of Proposition 5 and from Proposition 6 it follows that for any s €la, d[\{e}
there exists a disjunctive uninorm U, : [0, 1]*> — [0, 1] with continuous underlying functions and neutral element s such that
U, (N (x),y) = Uy(N,(x),y) holds for all x, y € [0,1], where N, : [0,1] — [0, 1] given by N,(x) = U;(N,(x),s) for all x €[0,1] is a
continuous fuzzy negation.

Example 4. Leta= i, d= %, let UI : [a,d]* - [a,d] be a linear transformation of the uninorm U | from Example 1 and let Ul* :
la,d[* —]a, d[ be the restriction of Ul/ to ]a, d[. If we define a function U; : [0,1]> — [0, 1] by

1 1
1 1 (x—7)—7) . 13
-+ ——A 4 ifx,yeE]l-, =,
40 2 - p0o- PHG-DG-Y i
Us( ) =9 max(x. y) if max(x, y) > %
min(x, y) otherwise,

then Uj is a disjunctive uninorm with continuous underlying functions with neutral element e; = %, which can be expressed as ordinal
sum of semigroups G, = (la,d[, U}), G, = ([0, a], min) and G; = ([d, 1], max) with respect to linear order < given by 3 < 2 < 1. Note that
semigroups ([0, a], min) and ([d, 1], max) can be further decomposed into an ordinal sum of trivial semigroups. Let N, : [0,1] — [0, 1]
be the continuous fuzzy negation given by N,(x) = 1 — x for all x € [0, 1]. Then (U, N)-implication I : [0, 1]*> — [0, 1] with I(x,y) =
U;3(N|(x), y) is for all x,y € [0, 1] given by

g G0 if x,y €]t 3
4 23 -00- prRe-DG-Y) T4

1o y) = max(1 — x, y) if max(1 —x,y) > %,
min(1 — x, y) otherwise.
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(-x)6-1)
23 =)= 2= )G -5)
for s = % we have I(x,s) = % for all x e]i, %[. Thus, N, : [0,1] - [0, 1] given by N,(x) = I(x, §) is a continuous fuzzy negation and
Ny(x) = N7 I(x). This shows us that the corresponding uninorm U, : [0, 1]> — [0, 1], such that U;(N,(x), ) = U,(N,(x), ) is given by
I(N,(x),y), i.e.,

For any s e]%, %[we have I(x,s) = + % for all x e]%, %[and I(x,s)=1-xforall x € [0, l] U [%, 1]. For example,

3(-10-)

) : 13
-+ ifx,y el 3L
47 6 D= DG -0 -y yelyal
Vs %) = max(x, y) if max(x, y) > %,
min(x, y) otherwise.

It is not difficult to check that U, on ]JT, %[2 is just the linear transformation of the restriction of U, from Example 1 to ]0, 1[, which

we denote by U;‘. Thus, U, can be expressed as ordinal sum of semigroups H, = (]i, %[, Uz*), H, = ([0, i],min) and H; = ([%, 1], max)
with respect to linear order < given by 3 <2 < 1.

4.3. Uninorms with non-continuous underlying functions

In this section, we study uninorms with non-continuous underlying functions, which do not ensure uniqueness of representation
of (U, N)-implications. According to Proposition 5, we may search for uninorms that have continuous, increasing horizontal cuts
despite not having continuous underlying functions. We have already seen in Example 3 that this is not always the case, but in
the following we show an example of two disjunctive uninorms, which do not have continuous underlying functions, however,
U, (N, (x),y) = Uy(N,(x), y) for all x,y € [0, 1] is satisfied for some continuous fuzzy negations N, and N,.

Example 5. Let us consider e, = % and f : [0,1] — [0, 1] the function defined by f(x) = x2. Since f is a continuous, strictly increasing

function with f(0) =0 and f(1) = 1, we can define the following functions

n n

1

—— o — o-n

fP) = fo.of(x)=x", [P =fTo.of M) =xT =",
where n € Z*. We adopt the convention that £ = id. In this case, the following points u = f"(e;) = 272" for all n € Z form a
partition of 10, 1[, i.e,

10, 1[= U ]u(n+1)’ u(n)] - U ]2—2”+l , 2—2"].

nez nez
Having said this, we define the following function
1 if max(x,y) =1,
Ui(x,y) =40 if min(x, y) = 0 and max(x,y) < 1, 6)
SO min(fEP ), FEM()) i x €lutD, u®], y €lutmED, ym),

Notice that, if x €lu®*D,u] then f"(x) €lu,e,]. Then, it is clear that U,(x,y) €lu"*"+D y"+™] whenever x €lu+D,u™], y €
Jutm+D 0] with n,m € Z. Moreover,

U@, y) = fe+™(min(fC0@™), fC0)) = £ (mingey, £ () )

= [ ) = FP),

for all y €]0, 1[ with y €]lu®*+D, 4] and n € Z. In particular, if y = ™ then U, (@®,u™) = f® ™) = u*+™_ Now, we will show that
U, is a disjunctive uninorm. The commutativity of U, is obvious from Eq. (6). If y = ¢, then x = 1 implies U, (x, y) = 1, x = 0 implies
U (x,y) =0, and x €]u®*D, 4] implies U; (x,y) = f©(x) = x by Eq. (7) with n = 0 since ¢; €]u,e,]. Thus, from the commutativity of
U, we deduce that e, is the neutral element of U,. For the associativity, consider x, y, z € [0, 1]. If max(x, y,z) = 1 or min(x, y,z) =0
the associativity is clear. Otherwise, let us consider x €]u"*D,u™], y €lu+D 4™] and z €lu**D, u®]. Here

Uy(x, Uy (3, 2)) = Uy (x, £ (min(f (), £ 20))

= O min(f 7 (x), £ o £ min( (), £T0 @),
= e min(F (), FO ), FTO ),

since min(f " (x), f9(x)) €lu, e;] and OO (min(f " (y), £ (2)))) €Ju+k+D 4ym+0] Analogously, we obtain

Uy (Uy(x, ), 2) = fO O min(f ), ), £,
and the associativity holds. Now, we have to show the monotonicity. Due to the commutativity, we will show it only for the second

coordinate. Consider x, y, z € [0, 1] with y < z, then we distinguish between three cases:

o If x=1then U|(x,y) =1=U,(x, 2).
e If x =0 then z < 1 implies y < 1 and U,(x,y) = 0 = U,(x, z), while z = 1 implies y < 1 and U,(x,y) =0 < 1 = U, (x, 2).

10
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o If x €]u*D, u™] for some n € Z and y = 0 then U, (x, y) = 0 < U (x, z). If z = 1 then U, (x, y) < 1 = U, (x, z). Otherwise, y > 0 implies
z>0and z < | implies y < 1, i.e., y €]u*D, 4] and z €]u**+D,4®] for some m, k € Z. Here, y < z implies m > k and we have to
consider two more cases:

- If m = k then fC™(y) < f&™(2) and we get
Uy (x,y) = O min(f ), ™)) < O min(f ), fTR2) = Uy, 2).
- If m > k then U, (x, y) €Jut™*"*+D _y*+m] and U, (x, z) €lu*+k+D 4+0] s0 we have
Ui (x,y) <u™m < D < ) (x, 2).
Finally, since U,(1,0) = 1 we know that U, is a disjunctive uninorm. Note that according to Eq. (7), all the cuts U;(u™,-) forn € Z
correspond to f, so they are continuous, strictly increasing functions with £ (0) = 0 and £ (1) = 1. However, U, does not have
continuous underlying functions since it is non-continuous on the lower border of each rectangle [u"*D, u(] x [u+D, 4], Indeed,
if n,m € Z and y €lu"*V,u™] we get
U™, y) = f"),

and

im U(s,y) = lim O Dimin(f (), fEM ),

s—(umy+ s (umy+
£ D (min( @), £ )
= £t D(mingu, £ ()

= D)

= 7w,

where the equality holds only if y = u™. Next, we define the function N, : [0,1] — [0, 1] by

logy (= logy (x))

Ny(x)=2"%
Then N, is a continuous, strictly decreasing fuzzy negation such that

Ni@™) = Ny @) =272" =),
for all n € Z. Now, we define the function N, : [0,1] — [0, 1] by

Ny(x) = U (N (), 0) = (N (x)).
Then, N, is also a continuous, strictly decreasing fuzzy negation and

Uy (N2 ().t ™) = Uy (U (N (0.), 1) = Uy (N, (), Uy (D) = Uy (N (). €) = N ().
Further, we define function U, : [0, 11> - [0, 1] by

Us(x,y) = Uy 0, Uy (x, ).

It is easy to check that U, is a disjunctive uninorm with neutral element u since all its properties follow from the corresponding
properties of U; and the strict monotonicity and continuity of 1. Then, for all x, y € [0, 1] we get

Uy(N,(x),) = Uy (™D, Uy (Ny(x), ) = Uy (U, @, Ny(x)), y) = Uy (N (%), y).

In the following, we will generalize the situation in Example 5 for an arbitrary uninorm U with non-continuous underlying
functions. We first point out that, if U € V"¢ then U is completely characterized in the square ]a, d[ determined by the limits of the
sequence of the powers of x by the horizontal cut, and the restriction of U to [x, e].

Remark 2. IfU € UX"C then there exists y €]0, 1[ such that U(x, y) = e. Note that due to the monotonicity of U and Ran(U (x, -)) = [0, 1]
we have U(x,0) =0 and U(x, 1) = 1. Since U(x, e) = x, due to the monotonicity of U, x < e implies y > e and x > e implies y < e. Then,
for all v € [0, 1] we have

v=U(e,0) =UU(y,x),0) =U(y,U(x,0)),

i.e., also the cut U(y,-) has range [0, 1] and due to the monotonicity it is continuous. If U(x, s) = U(x,t) for some s,7 € [0, 1] then
s=U(e,s) =U,U(x,5) =Um, U, 1) =UU(®,x),t)=Ule,t) =t

and thus the cut U(x, -) is strictly increasing, and similarly we can show that the cut U(y, -) is strictly increasing. Moreover,

UUx.x). U y) =UxUU(x y),y) =UxUle.y) =U(x.y) =e,

(n—1
U
that U(xg‘), yg’)) = e for all n € N. Then, cuts U(xg’), -) and U(yg), -) are continuous, strictly increasing, with range [0, 1] for all n € N.
(n) (=n)
U U

i.e., if we denote x(g) =e and x(l;') =U(x, x(l;'_l)) for all n € N and y(g) = e and yZ') =U(y,y )) for all n € N we get similarly as above

Moreover, since U(x, , y(l;’) ) = e we denote x; " = yz’) for all n € N.

11
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For simplicity we will further denote f(s) = U(x(;), s)and fC(s) = U(yg'), s) for n € N and f©(s) = 5. Note that
FPof () = UGE UGY ) =Ule,s) =,
and
SPof™(s) = UG UG, 5) = UGS™, 5) = fom(s),

for all s € [0,1] and n,m € Z. Further, each f® for n € Z is completely determined by U (x, -). The strict monotonicity of each cut
U(xg“), -) for n € Z implies that if s e]xg'“),xgﬂ] for some n € Z then U(xg"),s) e]x$+m+1),xg'+m)] for all m € Z. In addition, s, =
FEM(s) €]x, e] is the unique value such that U(s,, x(l;')) = f"(s)) =s.
Further, we will consider x < y since otherwise it is enough just to redefine our points. Consider a function F : [x,e]*> - [0,1]

given by

F(s,t) =U(s,1t) for all 5,7 € [x,e].
Then F is non-decreasing, F(s,t) = F(t,s) for all s,t € [x,e] and F(s,e) = s for all s € [x,e]. Moreover, for all s,t €la, d[, where a =
nl_i)r&o x(l’/1> and d = ngr_nm y(J), there exists exactly one n € Z and exactly one m € Z such that s e]x(l;“’”,xz')] and ¢ e]x(é"“),x([;")]. Then
FEM(s), fE™M(t) €]x, e] and we get

UGs.1) = U Do fT(s), f™o fM (1) = UGS, U(F(s), £ (1)) (8

= fUU ), fTa) = FOEG T, TP @))).

Thus, U on ]a,d[? is completely determined by U(x, -) and the function F, i.e., the restriction of U to [x, e].

Due to the monotonicity of U and since U(x,-) is strictly increasing, we know that F(s,1) e]xg), e] for all s, €]x,e]. Since U is
associative, for any s,t,u €]x,e] if F(s,1) e]x;;'“),x(y] and F(t,u) e]xg"“),xg")] for some n,m € {0,1} then by Eq. (8) we obtain the
following

FE s, fEPE@u)) = Us, Ft,w) = U(s, Ut ) = UU (s, 1), 1) 9
= U(F(s,0),u) = [ (F(fP(F(s,1), ).
Summarizing, F is non-decreasing, commutative, has neutral element e, satisfies Eq. (9) for all s,¢,u €]x,e] and F(x,s) = f(s) for all
s € [x,e].

From the previous discussion, we see that if we want to construct a uninorm U € V', then we have to solve two problems. How
to define U on ]a, d[* and how to define U on [0, 1]?\]a, d[2. For the first problem, we have the following answer. We can either start
from x < e or from x > e, however, since these two approaches are similar, we will take x < e. Moreover, for each continuous, strictly
increasing function f : [0, 1] — [0, 1] with £(0) = 0, f(1) = 1 we denote f©(x) = x, f™(x) = F(f" D (x)) and " (x) = f~1(f+D(x))
for all x € [0, 1], n € N, where f~! is the inverse function of f.

Proposition 7. Let f : [0,1] — [0, 1] be a continuous, strictly increasing function with f(0) =0, f(1) = 1 and f(y) = e for some y,e €]0, 1]
with y > e and denote x = f(e). Further denote liT f™(x) =a and lir+n FEM(x)=d. Let F : [x,e]*> - [f(x), e] be a commutative, non-
n—+oco n—+oo

decreasing function such that F(s,e) = s and F(s,x) = f(s) for all s € [x, e], and F satisfies Eq. (9) for all s,t,u €]x, e] such that F(s,t) €
19+ D(e), F™(e)] and F(t,u) €]1f ™+ D(e), f™(e)] for some n,m € {0, 1}. Then, function U :la,d[>~]a,d[ given by

Us,t)y = fOEFCs), fT$). i s €10 D(e), £ (@), t €1f ™D (e), £ ()],
for some n,m € Z is a uninorm on la, d[, i.e., a commutative, associative, non-decreasing function with neutral element, defined on la,d|.

Proof. Since f is a continuous, strictly increasing function we know that for each s €]la, d[ there exists exactly one n € Z such that
s €lf™D(e), f™(e)]. Thus, U is well defined. Note that U(x, s) = f(s) = F(x, s) for all s €]x,e] and F(x,x) = f(x) = f@(e). Since F is
commutative, also U is commutative. Moreover, for s €] f"*D(e), f"(e)] we have

UGs,e) = fOF(FT(s),0) = fMof(s) = s,

i.e., e is the neutral element of U. For the associativity, let us assume s,#,u €la,d[ and let s €]fP*D(e), fP(e)], t €]f 9D (e), f@(e)]
and u €]f"*+V(e), f")(e)], for some p,q,r € Z. For simplicity, we denote s, = fCP(s), t; = fC9() and u; = f(u). Then U(s,t) =
FP*rO(F(sy,tp) and U(t,u) = f9(F(ty,u,)). Since sy,t;,u; €]x,el, then F(s;,t,), F(t;,u;) €]f(x),e] and we need to distinguish be-
tween several cases:

o If F(s,1;) €]x,e] then
U(s, Ut,w) = U(s, f9T(F(ty,up)) = fPH(F (s, Fty,uy)),

and we separate into two more cases:
- If F(t,u;) €]x,e] then

UU(s,0,u) = U(SPTD(F (s, 1)), u) = fOHPD(F(F (s, 1)), uy)), (10)
and since Eq. (9) implies F(s, F(t;,u;,)) = F(F(s;,,),u,), the associativity holds.

12
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- F(t;,u) €1f(x),x] then
UU(s,t),u) = U(fPHP(F (s, 1)), u) = fOHDESF(sy,10)1)), 1n
and since Eq. (9) implies F(sy, F(t,u;)) = f(F(f~'(F(s},;)), 4,)), the associativity holds.
o If F(t;,u;) €]f(x),x] then
U(s, fO7(F(ty,u))) = [P DE sy, @),

and we separate between two cases again:
- If F(t;,u;) €]x,e] then U(s,U(t,u)) is given by Eq. (10) and since Eq. (9) implies
F(F(sy, f7U(F(t;,u)) = F(F(sy,t,),u;), the associativity holds.
- If F(t;,u;) €]1f(x),x] then U(s,U(t,u)) is given by Eq. (11) and since Eq. (9) implies
FF(sy, fUF @ u) = fF(F(fFY(F(s1,1,)), u;)), the associativity holds.

Finally, since U is commutative it is enough to show the monotonicity only for the second coordinate. Let us assume s,t,u €]a, d[
with t <u, s €]fP*D(e), fP(e)], t €1 @HD(e), fD(e)] and u €] *+V(e), f©(e)], for some p, q,r € Z with s, = fP(s), t; = f9(¢) and
u; = f©P(w). In this case, either r = g and t; < uy, or ¢ > r. If r = q then the monotonicity of F implies

U(s, 1) = fPH(F(sy, 1)) < fPF(sy,up)) = Uls, ).

Otherwise, if ¢ > r we consider different cases depending on the value of F(s,,7;) and F(s,u;):

o If F(s;, 1)), F(sy,u;) €]x,e] then
U(s.1) = fPP(F(sy.17)) < fPD(e) < fPH0(e) = f0(x)
< fOrO(F(sy,up) = U(s, u).

e F(s1,1)) €1f(x),x] and F(s;,u;) €]x,e] then
U(s,1) = fPH(F (s, 1)) < fPHD(x) = fPHtD(e) < fPHHD(e) = fP4(x)

< fO(F(sy,u) = U(s,u).

e F(s.1)), F(s,u;) €]1f(x), x] implies
UGs,t) = fPHD(F(s), 1) < fPHD(x) = fOHHD(e) < frHat(e)
= fPFx)) < fPI(F(sy,u) = Uls,u),

o F(s,1)) €lx,el, F(sy,u;) €]1f(x), x] implies
UGs,t) = fPHD(F(s), 1)) < fPHD(s)) < fPHD () = FOI(f(s)))
< fEF(s)up) = Uls, ),

since F is non-decreasing and F(s;,#;) < F(s;,e) = sy, f(s;) = F(s1,x) < F(sy,u;).

Summarizing, U is a uninorm on la,d[?>. O
Note that if F(s,t) €]x, e] holds for all s,7 €]x, ] then Eq. (9) is equivalent to the associativity of F. Proposition 7 and Remark 2
completely characterize and describe the construction of U € U)f’” on ]a,d[%. However, the structure of U on [0, 1]*\]a, d[? is deter-

mined only on cuts U(x([;'), Y forne 7.
In the following, we denote for U € U'x”” with x <e
(=n)

. ) .
a, = lim x and d,= lim x
x n—+oo U x n—too U

Lemma 1. LetU € U‘X”f, x<eand f :[0,1] — [0, 1] be given by f(s) = U(x,s) for all s € [0, 1]. Then the following statements hold:

@) f(s)# s forall s €la,,d,],
(i) f(s) = s for some s € [0, 1] implies U (s, y) ¢la,,d,[ for all y € [0,1],

(i) f(ay)=a, and f(d,) = d,,
(iv) U(ay.d,) € {a,,d}.
Proof.
(i) By Remark 2 for each s €la,,d,[ there exists exactly one n € N such that s e]xg”l),xg’)] and then f(s) e]xg'+2> x(l;'“)]. Since
0D 1AL X0V = 6 we get £ (s) # s for all s €la,. d,[.
(>ii) If f(s) = s for some s € [0, 1] and U(s, y) €]a,. d,[ for some y € [0, 1] then previous item implies
Uls,y) # fWUGs,») =U(f(s),y) = U(s, p),

which is a contradiction.
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(iii) For all s €]a,,d,[ we have f(s) €la,,d,[ and for all s < a, we have f(s) = U(x, s) < min(x, s) < a, since x < e and s < a, < e. Then
the continuity of f implies f(a,) = a,. Similarly we can show that f(d,) =d,.

(iv) By the monotonicity of U we get a, = U(a,,e) <Ul(a,,d,) <U(e,d,) =d,, ie., U(ay.d,) €la,.d,]. Since f(a,)=a, we get
Ua,,d,) ¢la,.d,[, i.e., Ula,.d,) € {a,.d,}.

XX
a

In one particular case we are able to characterize U € U)f’” with x < e on whole [0, 112, If U(x,) = ¢ for all t € [0,a,] U [d,, 1] we
obtain the following result.

Proposition 8. LetU € I/X'“’ with x < e. IfU(x,t) =t forall t € [0,a,] U [d,, 1] then U is an ordinal sum of semigroups defined on ]a,,, d,[
and on [0,a,] U [d,, 1].

Proof. Consider function f and F from Remark 2. If U(x,t) =t for all 7 € [0, a,] U [d,, 1] then U(xg), H=UU(x,x),1) =Ux,U(x,1) =
U(x,t) =t and similarly we can show that U (xg'),t) =t for all + € [0,a,] U [d,, 1] holds for all n € Z. Due to the monotonicity we
obtain U(s,t) =t for all s €]a,,d,[ and t € [0,a,] U [d,, 1]. Moreover, we know that Ja,, d,[ is closed under U due to Remark 2, Eq. (8)
and the definition of a, and d,. What remains is to show that [0,a,] U [d,, 1] is closed under U. On the contrary, let us assume that
U(s,t) €lay,d,[ for some s,7 € [0,a,] U [d,, 1]. Then for all u €]a,,d [ we have

UWU(s,t),u) =U(s,U(t,u)) =U(s,1),

i.e., U(s, 1) is the annihilator of U on ]a,,d,[. However, then f(U(s, 1) = U(x,U(s,1)) = U(s, 1) €]a,., d[, which is a contradiction with
Lemma 1. Thus [0, a,] U [d,, 1] is closed under U and U is an ordinal sum of semigroups defined on la,,d,[ and on [0,a,] U [d,1]. O

From the previous result, we see that for the construction of a uninorm U € U’ via ordinal sum construction, we need only some
strictly increasing continuous function f : [0, 1] = [0, 1] with range [0, 1], a non-decreasing commutative function F : [x,e]?> — [x, e]
such that e is the neutral element of F, F(x,s) = f(s) for s € [x, e] and it fulfills Eq. (9) jointly with any generalized composite uninorm
defined on [0,a,] U [d,, 1] (see [43]).

Example 6. Leta,d €]0, 1[, a < d. Consider uninorm U, from Example 5 and let U 1/ be the linear transformation of U, to [a,d] and let
Ul* be the restriction of UI to Ja, d[2. Since 10, 1[? is closed under U; we know that U, 1* is well defined. On [0, a] consider the standard
product x - y and on [d, 1] consider the dual operation to standard product, i.e., x ¢ y = x + y — x - y. Then, semigroup G, = ([0, 4], -)
corresponds to a continuous t-subnorm, semigroup G, = ([d, 1], ¢) to a continuous t-superconorm and G3 = (la, d[, Ul*]) to a uninorm.
Ordinal sum of G; for i € {1,2,3} with respect to linear order < given by 2 < 1 < 3 is a disjunctive uninorm U, which has infinitely

many continuous horizontal cuts with range [0, 1]. Obviously, U does not have continuous underlying functions.

From the previous example, we see that a uninorm U € U‘X"C can have a point of discontinuity in every interval ]x, y[ such that
e €]x, y[. Note that even if we take in the previous example instead of G; any representable semigroup defined on ]a, d[, the resulting
uninorm will not have continuous underlying functions.

However, in the following example we will see that a uninorm U € U’ with x < e, which does not have continuous underlying
functions, need not be an ordinal sum of a semigroup acting on ]la,,d, [ and a semigroup acting on [0,a,] U [d,, 1].

Example7. LetU 1" be defined as in Example 6 for a = i and d = %. Then Ul* is a uninorm on Ja, d[ with neutral element e = % and
a continuous horizontal cut f :]i, %[—»]i, %[ inu= g given by

1

T

for s e]i, %[. We will extend f to [0, 1] as follows.

f(S)=UI*(u,s)=2.(s_‘l‘)2+

4.2 if s
) =32-(s= D+ ifs

€
3\2 3 .
4'(5—2) +Z if s >

IN

AW ==
INT™
—

Then f is continuous, strictly increasing, f(0) =0, f(1) =1, f(jT) = 31 and f(%) = } We denote fO(s) =5, f(s) = £(f"D(s)) and

FEM(s) = fo1(fEmD(s)) for all s € [0, 1], n € N, where f~! is the inverse function to f. Here, for all n € Z and for s e]i, %[ we have
11 13\
(n) — 1. (s — =
fO9=g+5-(26-9)
for s < i we have
[P =1 @
1
and for s > % we have
2”

o= (o)

14
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We define a function U : [0, 1]? — [0, 1] as follows:

0 if x,y € [0, al,

1 if x,yeld, 1],

d if (x,y) € [0,a] X [d, 1[u[d, 1[X[0, a),

1 if max(x,y) =1, 12)
M) ifxe[0,a)uld, 1],y €lf"*D(e), fP(e)) for n € Z,

@) ifyel0,aluld, 1], x €lf"D(e), f"(e)] for n € Z,

Ul*(x, y) ifx,y €la,dl[.

Ulx,y) =

We will show that U is a disjunctive uninorm. From Eq. (12) we immediately see that U is commutative and disjunctive. If x €]a, d[
then U(x, e) = x since Ul* is a linear transformation of U, restricted to 10, 1[. If x € [0,a] U [0,d] then U(x,e) = f©@(x) = x since e €
17(e), £©(e)]. Thus the commutativity of U implies that e is the neutral element of U. For associativity, consider x, y, z € [0, 1]. In order
to have a small number of cases we will compare in each case with points from different domains values U(x, U (y, z)), U(U(x, y), z)
and U (y, U(x, z)), which will then due to the commutativity cover all possible symmetric cases. Then we have the following.

Ifle{x,yz}thenU(x,U(y,2)=1=UU(x,y),2).

If x,y,z € [0,a] then U(x,U(y,z)) =0=UU(x,y), z).

If x,y,z€ [d,1[ then U(x,U(y,2z)) = 1 = UU(x,y), 2).

If x, y,z €la, d[ then U(x,U(y, z)) = U(U(x, y), z) follows from the associativity of U, from Example 5.

Ifxe[0,aland y,z € [d,1[ then U(x,U(y,2)) =U(x,1) =1, UU(x,y),z) =Ud,z) =1 and U(y,U(x,z)) = U(y,d) = 1.

If x € [d, 1] and y, z € [0,q] then U(x,U(y,2)) = U(x,0) = d, U(U(x,y),z) = U(d,z) =d and U(y,U(x,2)) = U(y,d) = d.

If x€[0,a] and y,z€la,d[ with yelf™D(e), f(e)], zelf™ (), f™M(e)l. y = fCP) Elu,e] and z; = fC™(z) Elu, ],
then U(x, U(y, 2)) = U(x, f™(min(y,, z,))) = "™ (x), UU(x,y),z) = U(fP(x),2) = f™")(x) and U(y,U(x,2)) = U@y, f™(x)) =
f(m+n)(x).

If x €la,d[ and y, z € [0, a] with x €]f"+D(e), f™(e)], x; = f(x) €]u, e] then U(x,U(y,z)) = U(x,0) = f™M(0) =0, UU(x,y),z) =
U(f™(y),z) = 0 since £ (y) < q and similarly U(y, U(x, z)) = U(y, f™(z)) = 0.

If xeld,1[ and y,z€la,d[ with yelf®™(e), fP(e)l, zelf™ie), f™(e)], y; = () €lue]l and z; = fT"(z) €lu,el,
then U(x,U(y, 2)) = U(x, f™(min(yy, z,))) = fHM(x), UU(x,y),2) = U(f®(x),2) = f®(x) and U(y, U(x,2)) = U(y, f™(x)) =
f(n+m)(x).

If x€la,d[ and y,z€[d,1[ with x €]f"D(e), f™(e)], x; = f(x) €lu,e] then U(x,U(y,2)=U(x,1) =1, UU(x,y),z) =
U(f™(y),z) = 1 since f*(y) > d and similarly we have U(y,U(x,z)) = U(y, f®(2)) = 1.

If x € [0,a], y €la,d[ and z € [d, 1] with y €]f"*D(e), fP(e)], y; = FT™(y) €lu, e] then U(x,U(y,z)) = U(x, f"(z)) = d, since 1 >
f(z) 2 d, UU(x,y),2) = U(f"(x),z) = d since f(x) <aand U(y,U(x,2)) =U(y.d) = f*(d) =d.

Due to the commutativity, it is enough to show the monotonicity only for the second coordinate. Consider x, y, z € [0, 1] with

y<z.Then y < 1and if z=1then U(x, y) < 1 = U(x, z). Further we will suppose that z < 1. We have the following cases.

Ifx=1thenU(x,y)=1=U(x,z).

If x e[d, 1] then y € [d, 1] implies z € [d, I[ and U(x,y) = 1 = U(x, z).

If x € [d, 1] and y €]f"*V(e), f"(e)] for some n € Z then z € [d, 1] gives us U(x,y) = f"W(x) < 1 = U(x, z). If z €] f"*+D(e), f™(e)]
for some me Z thenn > mand U(x,y) = f®(x) < f™(x) = U(x, 2).

If xe[d,1[ and y€[0,a] then z € [0,a] implies U(x,y)=d =U(x,z), z € [d,1[ implies U(x,y)=d <1=U(x,z) and z €
17+ (e), £ (e)] for some m € Z implies U(x,y) =d < f"(x) = U(x, z).

If x €]f"*D(e), f"(e)] for some n € Z then y € [d, 1[ implies z € [d, 1[ and U(x,y) = f™(y) < f"(z) = U(x, z) since f is strictly
increasing.

If x €]+ D(e), f™(e)] for some n € Z and y €] "+, £("(e)] for some m € Z then z €]a, d[ implies U(x, y) < U(x, z) due to the
monotonicity of U* and z € [d, 1] implies U(x, y) < U(x, z) since U(x, z) = f*(z) > d and U(x, y) €la, d[.

If x €]f"*V(e), f"(e)] for some n € Z and y € [0, 4] then z € [0, a] implies U(x, y) = f*(y) < f"(z) = U(x, z) since f is strictly
increasing. If z €] f*+V(e), £ (e)] for some m € Z then U(x, y) < U(x, z) since U(x,y) = f™(y) < aand U(x, z) €la,d[. If z € [d, 1]
then U(x,y) = fP() <a<d < f"(z) = U(x, 2).

If x € [0,a] then y € [d, 1] implies z € [d, |[ and U(x,y) =d = U(x, z).

If x € [0,a] and y €] "D (e), £ (e)] for some n € Z then z €] f "+ (e), " (e)] for some m € Z impliesn > mand U(x, y) = f"(x) <
f™(x)=U(x,z). If ze [d, [ then U(x,y) = f®(x) <a <d =U(x,z).

If x,ye[0,a]l then U(x,y) =0 < U(x, z).

Summarizing, U is a disjunctive uninorm with infinitely many continuous horizontal cuts with range [0, 1], however, U cannot be
expressed as an ordinal sum of semigroups acting on ]a,d[ and on [0,a] U [d, 1].

5.

Conclusions

In this paper, we have deeply studied the non-uniqueness of representation of (U, N)-implications. The starting point of our work

has been revisiting the characterization of these operators, published in [23], and proving that in general uniqueness of representation
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is not guaranteed as previously indicated by the authors. Apart from providing examples of the non-uniqueness claim, we have
proved that under the assumption of a continuous negation any representation of a (U, N)-implication is linked to the existence of a
continuous horizontal cut which is decreasing and its range is [0, 1]. This result has motivated the study of characterizing uninorms
which do not provide a unique representation when used for constructing (U, N)-implications with a continuous fuzzy negation N.
We have separated this study for uninorms with and without continuous underlying functions. In the first case, we have been able
to characterize all uninorms with a suitable horizontal cut. For the second case, we have only been able to characterize the structure
of the uninorm in a certain subsquare of [0, 1]*. However, we have pointed out a specific case in which we are able to determine
the values of the uninorm in the rest of the domain to obtain an operator with the desired behavior. Since it is well-known that the
structure of uninorms without continuous underlying functions is much more complex and is not characterized, solving the problem
in general has been marked as a possible future work. For all the results, we have provided examples of the explicit construction
of the corresponding uninorms. Our results not only deepen the understanding of the structure of (U, N)-implications and related
operators but also offer novel insights into the structural properties of uninorms.
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