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1 Introduction

Data mining, or knowledge discovery in databases (KDD), is defined as the automatic extraction of
patterns representing knowledge implicitly stored or captured in data [26]. Up to now, a wide variety
of data mining techniques have been introduced and developed [40]. These techniques are usually
divided into two types: exploratory and predictive. Exploratory data analysis focuses on searching
relations between objects of a dataset (clustering, association rules, linguistic summaries...), whereas
predictive data analysis aims to extract knowledge from discovered data with the aim of predicting or
classifying unseen examples (classification, regression...). Within this context, rule based algorithms
have been one of the top choices for knowledge extraction because of their human understandable
output. Furthermore, with the emergence of the research area of explainable artificial intelligence
(XAI) [8], they have become even more popular since they are highly interpretable, which is an
appealing solution to provide an easily understandable representation of complex black box models
[63, 31].

This report reviews the literature underlying six lines of work in fuzzy rule based knowledge
discovery within the FIFATA project, one per section. At the end of each section we point out the
open problem identified. Section 2 reviews the meaning given to a rule across different knowledge
discovery tasks and the alternatives proposed to the usual co-occurrence reading. Section 3 reviews
the optimization of rule based classifiers, fuzzy and crisp. Section 4 reviews tree induction for rule
based models. Section 5 reviews the comparison between crisp and fuzzy rule representations and
their interpretability. Section 6 reviews independence testing and causal discovery based on fuzzy
relations. Section 7 reviews dynamic feature selection and the predictive uncertainty it raises. We
assume the reader is familiar with basic concepts of fuzzy sets, fuzzy linguistic variables and fuzzy
operators, we refer the reader to the following references for more information [51, 5, 52, 4, 110].

2 Rule semantics: co-occurrence and implication

In rule based models, the output is given in terms of rules which are usually represented as A = C,
in which A is called the antecedent and C' is called the consequent. Although in these techniques
the output has the same representation, depending on the knowledge to be captured we can find
several rule mining techniques, just to mention some of them: (i) association rules, which aim to
capture situations in which if A is satisfied, then C is likely to occur also [1]; (ii) classification rules,



which aim to obtain a set of rules that effectively classify items into predefined classes [68]; (iii)
sequential rules, which search for rules indicating that if some event(s) occur, some other event(s)
are likely to occur [24]; (iv) subgroup discovery, which aims to obtain rules with the most unusual
statistical characteristics with respect to a property of interest [3].

Despite the representation of the rules as logical conditionals, they are usually interpreted and
evaluated as the co-occurrence of antecedent and consequent. Although this assumption is quite
conventional in the literature, it has also received some criticism [14, 43, 44]. Indeed, the discrepancy
between the linguistic representation of the rules and their underlying mathematical modeling can
be confusing for the expert. For instance, if one considers the rule Smoking = Respiratory Problems,
it may seem unnatural that the support of this rule is unaffected by its direction, because there
are many respiratory problems that are not associated with smoking. An alternative to overcome
this drawback is to consider a more logic oriented approach in which the conditional in the rule
is interpreted as a logical implication, in this case normally the term “implicative rules” is used.
In the crisp setting, the authors in [14] proposed to interpret the logical conditional through a
measure called “conviction” as an alternative to confidence, which is based on conditional probability.
However, in the fuzzy setting, fuzzy implications can be directly used. Indeed, in [43] the author
introduced implication based fuzzy association rules by using a t-norm for modeling conjunction, a
fuzzy implication to model the logical conditional, and the generalized modus ponens as inference
schema. However, no further development of this framework or a thorough theoretical study of the
proposal was made.

Directionality is also a fundamental property of all major causality frameworks, as causal rela-
tions are inherently asymmetric and non-exchangeable. Recent works combine fuzzy rule mining
with causal discovery techniques [58, 107, 106]; however, causality is typically introduced as an
external step rather than being formalized within the fuzzy rule model itself, and the directional
semantics of fuzzy implications are not explicitly exploited. More generally, the relevance of di-
rectionality has also been discussed for other classes of operators, where asymmetric modeling has
been shown to provide additional explanatory power in applied settings, for instance, in the case of
copulas |72, 88].

Furthermore, it is well known that the theoretical development of fuzzy operators has experienced
significant growth in the last two decades. Indeed, the introduction of new fuzzy operators and the
study of their properties is nowadays so vast that there exist many different families among which
one can choose. For instance, only recently has it been documented that more than 100 families of
fuzzy implications have been introduced in the literature [64]. This fact, although clearly positive as
it indicates great flexibility, also raises the inherent problem of determining which operator is most
suitable for each application. In this sense, Zimmermann defines different criteria for an adequate
selection of the involved aggregation operators in a specific model [111]. However, authors like
Mendel point out that these criteria are rather subjective and may not be successfully implemented
in engineering applications [67]. Thus, the adequate selection of the set of operators remains an
important topic of discussion today.

Open problem. The fuzzy setting lacks a systematic study of which properties the pair of
conjunction and implication operators used to model a rule should satisfy for its quality measures
to behave coherently, and the directional semantics that fuzzy implications provide have not been
exploited to give rules a logic based, rather than purely co-occurrence based, meaning.



3 Optimization of fuzzy rule based classifiers

Deep neural networks (DNNs) have been used to solve complex problems in machine learning where
unstructured data are available in large volumes, such as image and video [56]. However, the use
of these models is not always possible in cases where human liability is still relevant in the decision
making process, like medicine and finance [8]. Rule based algorithms are considered one of the most
trustworthy for users, as they explicitly show the patterns found and their relevance in each decision.
They are also considered more faithful than other post hoc explainable artificial intelligence (XAI)
methods, which are not always reliable [69, 80, 87].

By studying the rules themselves, practitioners can find additional clues about a problem and
they can also disregard patterns found by the classifier that are contrary to existing knowledge [57].
It is also a popular use case for rule based inference to use the rule base as a proxy for a more com-
plicated model, such as a deep learning model, to perform post hoc explanations [105, 57, 89]. One
of the main research topics in rule based classification is the trade off between interpretability and
accuracy, as the larger the number of rules, the less interpretable the model becomes. For example,
ensembles of tree based models usually perform very well, at the cost of losing the interpretation
capabilities that a single tree has [12, 29]. Bayesian reasoning has also been used, but it usually
requires Markov chain models to train them, which is very time consuming [93].

Fuzzy logic has also been considered as a tool to balance performance and rule interpretability.
For example, genetic optimization has been used to balance accuracy and complexity, but it suffers
from significant scaling problems [2]. It is also possible to use fuzzy rules with gradient based
optimization using the popular Takagi Sugeno Kang (TSK) architecture, but this creates fuzzy
sets with no intrinsic meaning, and the consequents are linear models instead of classes, which
hinders interpretability [109]. Pure gradient based approaches have also been used to obtain rules
in classification, regression [94, 108, 98, 74, 90| and subgroup discovery [96]. However, they can
result in an arbitrarily high number of additive rules, which can only be controlled by a dense
search of hyperparameters. In addition, how these methods partition the state can also be hard for
a user to understand, especially when the number of rules is high, as the cut points can be arbitrary
and very numerous. This limits the interpretability of the model concerning a human user, which
is instrumental in its deployment in real world systems [19].

Rule based learning has also been mostly applied to tabular data, where the symbolic pieces
of information that are used to form the rule antecedents can be eagily understood by human
users [60]. In order to use rule reasoning on non structured data, it is possible to use concept
bottlenecking, which consists of using a deep learning network architecture to detect a set of concepts
which are then used to make the final decision [53]. However, concept bottlenecking faces several
limitations in practical applications. First, the quality of concept detection remains difficult to
evaluate objectively, as there is no ground truth for many high level concepts |7, 32|. Second,
the interpretability of concept bottlenecks depends critically on the quality of the intermediate
concepts, but poor concept detection can lead to misleading explanations that appear plausible but
are factually incorrect [92]. Because of this, rule based models are still applied mostly to tabular
data [69].

Classical rule based models are typically trained using heuristic or greedy algorithms due to
their discrete and non differentiable nature [95]. While these methods are inherently interpretable,
they often suffer from suboptimal convergence [81] and scalability limitations, particularly in high
dimensional spaces [97]. Modern adaptations attempt to mitigate these issues by extracting rules
post hoc from ensemble models like gradient boosting or random forests [30] or by mining frequent
patterns [101]. However, these approaches still struggle with large scale data and often sacrifice
interpretability in the process.



Recent work has combined rule based methods with deep neural networks to leverage the
strengths of both approaches. For example, concept bottleneck networks extract relevant concepts
while symbolic rules perform reasoning. Some studies fix the logic structure and focus on identifying
the right concepts [53, 7|, while others optimize the connections among predefined concepts [92].
However, the interpretability of such systems depends heavily on the quality of concept detection,
which is difficult to evaluate. It is also possible to distill black box models into rule based ones with
good results [57], at the expense of having to train both models.

Due to the scalability of gradient based optimization, several notable approaches have been
proposed to extract rules from neural network classifiers. These methods often rely on the popular
straight through estimator (STE) [10], which is a method to approximate the derivative of non
differentiable functions. For instance, in [74] the authors propose a neural network architecture that
uses binarization for real valued variables and encodes the rules themselves in the neurons. Similarly,
[108] learns “soft intervals” for binarization, regularized with an additional loss to avoid excessive
partitioning of the feature space. However, these models often generate a large number of rules
unless trained extensively (e.g., over 1,000 epochs), compromising interpretability. This is also the
problem of logic gate based networks [9, 102]: while they are good for automated formal verification
of inference, their complexity makes it difficult for humans to interpret the results effectively.

Another gradient based approach, gradient grafting [94], combines discrete and continuous mod-
els: the continuous model guides gradient flow, while the discrete model produces layer wise outputs.
However, this approach tends to create large numbers of additive rules, so the reasoning mechanism
is very difficult for a human being to understand.

For the case of fuzzy rule based inference, it is possible to optimize fuzzy sets using gradient
descent [23]. However, traditional neuro fuzzy TSK models suffer from two key limitations when
trained via gradient optimization: exponential rule growth with input dimensionality [68], and
interpretability loss in hierarchical architectures and their fuzzy set optimization process [109].

Open problem. Existing gradient based rule learners either bound rule complexity only
through soft, implicit penalties or lose the linguistic meaning of their conditions during optimization,
so a rule learner that enforces a hard, architectural bound on the number of rules and conditions
while keeping fuzzy, linguistically labeled antecedents remains largely unexplored.

4 Tree induction for crisp and fuzzy rule models

Fuzzy rule based systems have been popular for explainable artificial intelligence (XAI) as they rely
on logic reasoning that humans easily understand [80]|. However, explainability is limited by the
complexity of the system. For example, a system composed of hundreds of rules is much harder
to understand than one with only a handful [34]. Therefore, besides the use of highly performant
classifiers such as FURIA [42], there has also been particular research interest in a subset of fuzzy
rule based classifiers (FRBCs) that constrain the resulting rule base according to the end user’s
desired complexity [32].

Two main approaches have been proposed to address this challenge. Architecturally constrained
methods, such as adaptive network based fuzzy inference system (ANFIS) [47], use neural archi-
tectures where the number of rules and conditions is pre-specified. Evolutionary optimization ap-
proaches can incorporate complexity constraints into the optimization process [2], just as gradient
based methods enforce sparsity through loss functions [108]. However, this approach has limita-
tions: constraints are often implemented as soft preferences that may still result in complex models,
and even when successful, the computational cost typically exceeds that of standard classifiers,
discouraging practitioners from using FRBCs.



The most popular method for performing crisp rule based classification has been to use tree
structures with Gini conditioned splits. This has provided a computationally efficient and accurate
way to perform rule learning, establishing CART [13] as a widely adopted classification algorithm.
However, CART has significant limitations from an interpretability perspective. First, the number
of leaf nodes can be quite high, making the overall decision structure difficult to understand. Second,
CART uses hard splits that create arbitrary boundaries (e.g., “age < 45.7”), which do not reflect the
gradual transitions often present in human reasoning. Finally, CART provides no mechanism for
incorporating existing expert knowledge into the learning process, potentially producing rules that
conflict with established domain knowledge or are difficult for practitioners to trust. This leaves
room for opportunity for fuzzy systems, where conditions can be defined to take into account the
intuitions of practitioners through meaningful linguistic partitions [104], and can potentially recover
complex decision surfaces using fewer rules. However, the task of finding optimal fuzzy partitions
while keeping interpretability is not trivial. Fuzzy systems that rely on predefined fuzzy partitions
are computationally efficient, but this strategy may produce suboptimal decision boundaries when
the class distribution does not align well with these pre-existing semantics.

Rule based learning methods need to balance model complexity and predictive accuracy [80].
As the number of rules and conditions increases, the model can capture more specific patterns in
the data, typically leading to improved classification performance. However, this comes at the cost
of interpretability: a rule base with hundreds of rules becomes essentially a black box, defeating
the primary purpose of using rule based systems for explainable AI [79]. This trade off is par-
ticularly critical in domains such as healthcare |20, 25|, finance, and legal decision making [60],
where stakeholders must not only trust the model’s predictions but also understand the reasoning
behind them. Consequently, finding the optimal balance between accuracy and complexity remains
a central challenge in rule based machine learning [69].

Classical crisp tree based methods include CART [13| and C4.5 |75]. More recent crisp ap-
proaches leverage gradient based learning to improve scalability. In parallel, Bayesian crisp rule
learning methods have been proposed to control model complexity by minimizing the size of the
induced rule base while providing theoretical guarantees [93].

For fuzzy systems, gradient based approaches have likewise been widely adopted. ANFIS [47] is
perhaps the most well known example, combining neural network learning capabilities with fuzzy
reasoning. ANFIS employs a hybrid learning algorithm that uses backpropagation to tune mem-
bership function parameters in the premise part and least squares estimation for the consequent
parameters. However, this fine tuning comes at the cost of interpretability: the learned membership
functions often lose their linguistic meaning, becoming overlapping or irregular in shape. Evolution-
ary approaches can simultaneously optimize rule structure, membership function parameters, and
the number of rules. However, the computational cost remains prohibitive for many applications,
as evolutionary algorithms typically require thousands of fitness evaluations.

Open problem. Fuzzy tree and rule induction methods that reach competitive accuracy rely
on evolutionary search over rule structure and partitions, which is accurate but computationally
expensive, while faster, greedy tree induction has mostly been developed for crisp splits. A greedy
counterpart that induces fuzzy trees over linguistic partitions at comparable computational cost is
comparatively unexplored.

5 Crisp and fuzzy rule complexity and interpretability

There is a growing need for transparency in modern machine learning systems, as they are deployed
in many real life scenarios where human and legal liabilities are present [15, 8]. One of the most pop-



ular methods for explainable classification are rule based and decision tree systems, which explicitly
match patterns with outcomes [13], and this helps the user trust the decisions of the system.

Fuzzy rules have been one of the most popular methods in the fuzzy literature, and research in
this area remains active [32, 82, 27]. Its principal lines of research are devoted to finding the best
rules possible and to obtaining better performance and explainability trade offs [68, 33]. Nonetheless,
there exists a historical and ongoing reluctance surrounding the adoption of fuzzy logic techniques
outside the fuzzy logic community [45]. Part of this mistrust relies in the fact that non fuzzy users
are not familiar with the theory of fuzzy logic, and they may prefer crisp sets or methods purely
based on probability theory and statistics. The interpretability of linguistic variables can also be
debated, especially when the number of them is high or when the users are not particularly familiar
with the vocabulary used [34].

In rule based classifiers, the decision function is constructed in terms of a collection of if-then
rules called the rule base [104]. In general, the problem of multiclass classification consists of finding
a function f such that f(X;) =Y; for as many instances as possible [85]. In this case, f is called a
decision function and it divides the input space into regions, one per class, such that each point in
a certain region is assigned the corresponding class. For comparing different classifications, there
exists plenty of metrics in the literature [37]. Various structures of membership functions have been
considered (triangular, trapezoidal, Gaussian...); the selection of these functions depends on the
specific problem and/or application [52].

Open problem. Fuzzy and crisp rule based classifiers are usually compared through predictive
accuracy or raw rule counts, without a common formal description of the decision regions each one
induces. It remains unclear how to compare their complexity, or translate one representation into
the other, on equal terms.

6 Independence and causal discovery with fuzzy relations

Causality has also been introduced directly into fuzzy rule based systems. Recent works combine
fuzzy rule mining with causal discovery techniques [58, 107, 106]; however, causality is typically
introduced as an external step rather than being formalized within the fuzzy rule model itself, and
the directional semantics of the fuzzy operators involved are not explicitly exploited to support it.

Independence testing is central to many statistical and machine learning tasks, including causal
discovery, where it enables algorithmns such as PC to identify dependencies and remove spurious
edges in causal graphs [84]. Existing work combining fuzzy data with causal methods typically
either applies classical probabilistic techniques to fuzzy valued data or extends causal estimands
(e.g., treatment effects) to fuzzy settings. However, a formal notion of independence for data
without an assumed probability distribution remains largely unexplored.

Fuzzy entropy has been defined for fuzzy T-equivalence relations [100], where each relation
represents similarity between instances with respect to a feature. Entropy is defined analogously to
Shannon entropy by replacing probabilities with normalized fuzzy cardinalities of equivalence classes,
i.e., the total membership degree of all instances to the class of a given instance divided by the
number of instances. However, this formulation is restricted to finite universes and does not ensure
subadditivity, which may yield negative fuzzy mutual information and limits its interpretation as a
dependence measure between fuzzy relations. Established mutual information based independence
testing procedures [54] give a natural point of comparison for extending this notion of dependence
to the fuzzy setting.

Open problem. A formal notion of independence for data without an assumed probability
distribution remains largely unexplored, and the existing definition of fuzzy entropy on fuzzy T-



equivalence relations does not guarantee subadditivity, so the fuzzy mutual information derived
from it cannot be relied upon as a dependence measure for conditional independence testing.

7 Dynamic feature selection and predictive uncertainty

Many prediction problems are constrained not by model capacity but by the cost of acquiring
new information. In clinical diagnosis, industrial inspection, or interactive data collection, every
additional laboratory test, sensor reading, or user query has a monetary, temporal, and human cost.
The relevant variables are often instance specific: two patients may require different tests, and two
images may require different regions to be inspected. Dynamic feature selection (DFS) addresses
this setting by sequentially acquiring features for each instance under a budget [66].

The existing literature on DFS primarily explores two main approaches: reinforcement learning
(RL) [48] and greedy optimization [18]. RL based approaches offer the potential to discover optimal
policies for feature acquisition, but they come with the inherent challenges of RL training, includ-
ing significant computational demands and potential convergence issues [25]. Greedy optimization
methods maximize a measure that relates the known inputs with the response variable [16]. Usually,
this measure is the conditional mutual information (CMI) between input variables and the response
variable, which has some desirable qualities in terms of uncertainty minimization and prediction
power [35], although it has non differentiability issues [22]. These approaches can focus on the CMI
estimation task directly [35], circumventing the issue of selecting a discrete variable in a neural
network, or by using generative models [62]. Nevertheless, both approaches rely on predictors that
operate across a large number of feature subsets. This requirement is closely related to the core
problem studied in invariant risk minimization |55|, where a single model must generalize across
multiple environments. These subset adaptive methods allow specialization while retaining shared
knowledge across subsets. Examples of this approach are hierarchical or modular parametrizations
[78], mixture of experts architectures [83], or meta-learning strategies [28].

Uncertainty quantification (UQ) measures how much a model’s prediction should be trusted.
Following the taxonomy given in [46], predictive uncertainty is commonly decomposed into aleatoric
and epistemic components. Aleatoric uncertainty refers to irreducible ambiguity in the data generat-
ing process, such as class overlap or measurement noise. Epistemic uncertainty refers to uncertainty
caused by limited knowledge about the predictor, its parameters, or the region of the input space
being evaluated; in principle, it can be reduced by better data, models, or adaptation.

The dominant view of DFS frames each acquisition as the feature that maximally reduces un-
certainty about the label, formalized through the conditional mutual information |66, 35|. Because
CMI is intractable for arbitrary subsets, recent work learns to amortize it. Covert et al. [22] train
a predictor network jointly with a policy network under random feature masking, so that a single
greedy estimator approximates the CMI maximizing feature at every step; Chattopadhyay et al.
[16] learn query chains that maximize the information gain. More recent work has criticized the use
of CMI for DFS [73], and has opted for using an ad hoc metric instead. A second family models
the unobserved features explicitly. EDDI [62] fits a partial variational autoencoder to the condi-
tional distribution of the unobserved features and acquires the feature with the largest expected
information reward, while Li and Oliva [59] pair a generative surrogate with model based RL to
amortize the same lookahead. Model free RL formulations such as [48] and [99] instead learn an
acquisition and stop policy end to end by treating cost as a negative reward. Earlier cost sensitive
formulations framed acquisition as budgeted classification |50, 49] or as maximizing the value of
information at each step [17], and the idea has been extended to images through probabilistic hard
attention policies that acquire informative glimpses [77].



Classical feature selection chooses a single global subset for all instances through filter, wrapper,
or embedded criteria [39], including differentiable relaxations such as concrete autoencoders [6].
Such methods do not adapt the subset per instance, but provide strong, low cost baselines that
DFS must beat to justify its overhead. A separate motivation for keeping a single fixed predictor
is interpretability: rule and tree based models are valued because their decision logic is inspectable
[79, 69], and pooling them into ensembles for uncertainty estimation would obscure that logic,
complementing concept based routes to interpretable acquisition [53].

The aleatoric and epistemic decomposition [46, 91| splits the predictive uncertainty of a model
into an irreducible part, originating from noise and class overlap in the data, and a reducible
part, originating from the model’s limited knowledge of the parameters or the input region being
evaluated. In practice, total uncertainty is computed as the entropy of the prediction, while the
epistemic component is estimated from the disagreement among several predictors obtained through
Monte Carlo dropout or deep ensembles. Other methods for uncertainty quantification include post
hoc calibration, such as temperature scaling, and deterministic single pass estimators [36, 76, 38,
71, 61, 70]. These estimators are almost always studied for a fixed input, where the aleatoric
uncertainty is constant and only the epistemic term is expected to reduce with more data [41]. DFS
violates that premise: the conditioning set changes at every acquisition step, so both components
become subset dependent, and a predictor that is well calibrated on the full feature set need not
remain calibrated on partial subsets. This subset dependence of both uncertainty components during
sequential acquisition is, to date, not addressed in the uncertainty quantification or DFS literature.

Open problem. Existing dynamic feature selection methods evaluate acquisition mainly
through accuracy-budget curves, without separating aleatoric and epistemic uncertainty across ac-
quisition steps, and require predictors trained specifically for arbitrary feature subsets. It remains
open whether an already validated, fixed predictor (a rule-based model as a particular case) can be
reused for sequential acquisition under this subset dependent uncertainty.
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