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Intuitionistic Fuzzy Sets
K. T. Atanassov in 1983

IF-set A on a space Q2

A = {(pa,va), pa+va <1lg}
wa = — [0, 1] - membership function
va 1 Q — [0, 1] - non membership function
ma = 1lq — pua —va > 0 - degree of uncertainty
IF-event on a measurable space (£, S)

A = (pa,va), pa+rva <lg

ta,va - — [0,1] - S-measurable.

The family of all IF-events will be denoted by F.
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Intuitionistic Fuzzy Sets

First geometrical interpretation
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Intuitionistic Fuzzy Sets

Second geometrical interpretation
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Intuitionistic Fuzzy Events

Lukasiewicz binary operations on F

A = (pna,va), B=(us,vB)

AsB = ((,LI,A—F/,LB)/\].,(VA—I-I/B—].)\/O)
AoB = ((pa+ps—1)V0,(va+re)Al)

Lattice operations on F

AVB:(,LLAV,UB,VA/\VB)
A/\B:(}J,A/\MB,VA\/VB)

Partial ordering on F

A <B <= pa<pug,va>vg
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Intuitionistic Fuzzy Probability

B. Riecan in 2003
P:F—-J
() P((1g,00)) = [1.1] . P((0g, 1)) = [0, 0];
(i) if A®B = (0q,1q) and A, B € F, then
P(A@B)="P(A)+P(B)

(iii) if A, / A, then P(A,) / P(A).

An = (:LLAn7Z/An)’ A = (,UA,VA)

A, A<= pa, / 1A, VA, \ VA
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Outline
Theorem Intufitionistic Fuzzy Set
Definition
Let P . f — j and 'P(A) = [Pb(A)’ Pﬁ(A)] 'FOF eaCh geom:!:rical interpreta
A € F. Then P is an IF-probability if and only if P* and |\ eeee e
P are IF-states. Intuitionistic Fuzzy Sta
Definition .
m: F — [0,1]

(i) m((1g,00)) = 1, m((0q, 10)) = 0;
(ii) ifA®B= (OQ, 1Q) and A,B € F, then

m(A @ B) =m(A) + m(B)

(i) if A, /A, then m(A,) ~m(A).




Representations of Intuitionistic Fuzzy State

Butnariu-Klement formulation

To each IF-state m : F — [0, 1] there exists exactly one
probability measure P : S — [0, 1] and exactly one

a € [0, 1] such that

m(A)=(1—a)/QMAdP+a(1—/QVAdP>

for each A = (ua,va) € F.

Ciungu-Riecan formulation

To each IF-state m : F — [0, 1] there exist some
probability measures P, Q : S — [0, 1] and exactly one
a € [0, 1] such that

m(A) = /QuAdPJr a(l - /Q (1A + I/A)dQ)

for each A = (ua,va) € F.

Introduction to the
intuitionistic fuzzy sets

Katarina Cunderlikova

Outline

Intuitionistic Fuzzy Set
Definition
Geometrical interpreta
Operations

Intuitionistic Fuzzy Pra

Intuitionistic Fuzzy Sta
Definition
Representation theore




MV-algebra of IF-sets

(M7 ®,®,, (OQa 19)7 (197 OQ))

> M ={A = (na,va)pa,va: Q2 —[0,1] are
S — measurable functions}

Operations
A = (pua,va), B=(ug,vB)

AoB = ((pa+ps)Ala, (va+ve—1a)V0q),
AOB = ((pa+us—1q)V0q,(va+ve)Alg)),
A = (lqg — pa,lq —va),

where (£, S) be a measurable space, S be a o-algebra.
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MV-algebra of IF-sets
The corresponding lattice group

G, +.9)
> G ={A = (pa,va); pta,va: Q — R are
S — measurable functions}

A+B = (pa+ps va+rve—1lg),
A<B < pa<ug,vaz=>vs.

» the neutral element is 0 = (0q, 1q),
A - B = (pua—ps,va—ve+1lq)
> the lattice operations

AvB = (;LA\/,U,B,VA/\VB),
ANB = (;LA/\,U,B,VA\/Z/B).
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Introduction to the
State on MV-algebra M N P
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Intuitionistic Fuzzy Set
Definition
Geometrical interpreta

m : M — [0,1] - monotone mapping Operations
Intuitionistic Fuzzy Pra

Intui_ti?tr;i)s:ic Fuzzy Sta
(i) m((1a,00)) =1, m((0a,1q)) = 0; Representat
(ii) fAOB= (OQ, 1Q), then

Definition

m(A @ B) = m(A) + m(B);

(iii) if A, A, then m(A,) / m(A)
forall A,A,,Be M, neN.




State on MV-algebra M

Embedding theorem

Let the system (M, ®, ®,—, (0q, 1), (1q,0q)) be the
MV -algebra of IF-sets. Then F C M and to each
IF-state m : F — [0, 1] there exists a MV-state

m: M — [0, 1] such that m|F = m.

Really, if (1a,v4) € M, then (ua,0q) € F and
(0q,1q —va) € F. It is reasonable to define

m((uA, Z/A)) = m((,uA, OQ)) — m((OQ, 1 — I/A)).

It is not difficult to prove that m: M — [0,1] is a state
of MV-algebra M and m|F = m.
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- . . Introduction to the
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Borel sets
. . . Outline
Let J be the family of all intervals in R of the form (e
Definition
_ . Geometrical interpreta
[a,b) ={x € R:a<x< b} et

Intuitionistic Fuzzy Pra

Then the o-algebra o(J) is denoted B(R) and it is called  jcuitionistic Fuzzy Sea

. Definiti
the o-algebra of Borel sets, its elements are called Borel R theore
sets.

|[F-observable x
x:B(R)— F

(i) x(R) = (1a,0q), x(0) = (0o, 1o);
(i) if ANB =0 and A, B € B(R), then
x(A) ® x(B) = (0q, 1q) and
x(AU B) = x(A) @& x(B);
(iii) if A, /" Aand A,, A € B(R), then x(A,) /" x(A).



n-dimensional Intuitionistic Fuzzy Observable

x:B(R") — F

(i) x(R") = (1a,0q), x(0) = (0q, 1a);
(i) if ANB =0 and A, B € B(R"), then
x(A) © x(B) = (0g, 1n) and
x(AU B) = x(A) & x(B);

(iii) if A, /' A and A,, A € B(R"), then x(A,) / x(A).
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Intuitionistic Fuzzy distribution function
F:R—[0,1]

F(t) = m(x((—oo0, 1))

foreacht € R

m : F — [0, 1] be an IF-state
x : B(R) — F be an IF-observable

Properties

» non-decreasing on R;
» left continuous in each point t € R;
>
lim F(t)=0, lim F(t)=1
n—oo

n——0o0
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Intuitionistic Fuzzy Set
Definition

|F-eXpeCtation E(X) Geometrical interpreta
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R

IF-dispersion D?(x)

Moments of IF-observa

D2(x):/Rt2 dF(t)—(E(x))Zz/R(t—E(x))z dF(t).



Independence of IF-observables

IF-observables x1, x, ...x, : B(R) — F are independent
if for n-dimensional IF-observable h, : B(R") — F there
holds

m(h,,(Al X ... X A,,)) = m(xl(Al)) o m(x,,(A,,))

for each A, ..., A, € B(R), where m be an |F-state.
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Joint IF-observable of the IF-observables x, y

h:B(R?) — F

(i) h(R?) = (1a,00);

(ii) if A, B € B(R?) and AN B =0, then
h(AU B) = h(A) @ h(B) and
h(A) ® h(B) = (OQ, ].Q);

(i) if A A1,... € B(R?) and A, / A, then
h(An) /" h(A);

(iv) h(C x D) = x(C) e y(D) for each C,D € B(R).

Product operation
A eB = (ua-pg,va+vg —va-VB)
Theorem

To each two IF-observables x,y : B(R) — F there exists
their joint IF-observable.
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Function of several IF-observables

Vn = &n(x1,...,xn) : B(R) = F

Yn = &n(x1,...,%n)(A) = hy (gn_l(A))
for each A € B(R).

Assumptions:
> Xx1,...,%,: B(R) — F are |F-observables,
» h, is their joint IF-observable,

» g, R" — R is a Borel measurable function.
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Function of several IF-observables

yn:hnog;l

Examples

n n
> }’n:%zxi: gn(ula---aun):%zui;
-1 =1
1% |
> yn =5 2 (xi — E(x)),
i=1

gn(ut,...,up) = % é:l(u,- —E(x));

>y, = aln(max(xl,...,x,,)— bn),

gn(ut,...,up) = i(max(ul,...,un) - b,,).
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Convergence in distribution

Let (yn)n be a sequence of IF-observables in the IF-space
(F,m). We say that (y,), converges in distribution to a
function W : R — [0, 1], if for each t € R

Jim m (yn((—o00, 1)) = W(t).

Central limit theorem

Let (F,m) be an IF-space, (x,), be a sequence of
independent IF-observables with the same distribution m,
and such that D?(x,) = 02, E(x,) = a,(n=1,2,...) and

Y = \/TE(% Zx,-—a>. Then for all t € R
i=1
. Y
im min((-oe ) =00 = = [ e % du

i.e. the sequence (y,), converges in distribution to
¢:R—[0,1].
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Almost everywhere convergence

Let (yn)n be a sequence of IF-observables on an IF-space
(F,m). We say that (y,), converges to 0 m-almost
everywhere, if

ki 11
lim lim i — o= =
p|—>moo kl—>moo I—I>r20m /\ }/n(( p7 p))

n=k

Introduction to the
intuitionistic fuzzy sets

Katarina Cunderlikova

Outline

Intuitionistic Fuzzy Set
Definition
Geometrical interpreta
Operations
Intuitionistic Fuzzy Pra

Intuitionistic Fuzzy Sta
Definition

Almost everywhere con



Almost everywhere convergence

Strong law of large numbers

Let (F,m) be an IF-state space, (x,), be a sequence of
independent IF- observables such that D?(x,) exists for
every n € N and Z D* (X") < 00. Then (y,)n converges

n=1
m-almost everywhere to 0, i.e

k+i 11
lim lim lim m< /\y,,(——,—)) —1,
p—00 k—00 [—00 ek p p

n
where y, = 1 3™ (x; — E(x;)), n € N.
i=1
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. Introduction to the
Convergence in measure intuitionistic fuzzy ssts
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Let (yn)n be a sequence of IF-observables in the IF-space Outline
(F,m). We say that (y,), converges in measure m to 0, Intuitionistic Fuzzy Set
|f for each £ > 0 € € R Geometrical interpreta
’ Operations
. Intuitionistic Fuzzy Pra
lim m(y,,((—s, 6))) =1. Intuitionistic Fuzzy Sta
n— o0 Definition

Representation theore

Weak law of large numbers

Let (F,m) be an IF-space, (x»), be a sequence of
independent |IF-observables with the same distribution m,
and such that E(x,) = a,(n=1,2,...) and

yn:%Zx,-—a. Then for each e > 0, € R
i—1

Iirrc1>o m(y,,((—e,z—:))) =1.

n—

Converience in_measur



Almost uniform convergence

Let (F,m) be an IF-space with an IF-state m. The
sequence (xp)7° of IF-observables converges m-almost
uniformly to O if to every a > 0 there exists an IF-set

A € F such that m(A) > 1 — « and such that to every
(3 > 0 there exists k such that A < x,,((—ﬂ,ﬂ)) for every
n> k.

Egorov's Theorem

Let (F,m) be an IF-space with an IF-state m. If a
sequence (xp)7° of IF-observables converges m-almost
everywhere to 0, then the sequence (x,){° converges
m-almost uniformly to 0.
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. Outli
G. Gargov in 1989 N
ntuitionistic Fuzzy Set
Definition
L .
> generalization of the IF-sets and IVF-sets RS

Intuitionistic Fuzzy Pra

Intuitionistic Fuzzy Sta
Definition

Interval valued intuitionistic fuzzy set A on a space E

A= {<x, Ma(x), NA(X)>|X € E},

where
MA(X) C [0, 1] and NA(X) C [0, 1]

are intervals and for all x € E:

sup Ma(x) 4 sup Na(x) < 1.




Interval Valued Intuitionistic Fuzzy Sets

First geometrical interpretation

\/\/ lfinfi?VA(l’)
w 1= sup Na(r)

sup Ma(x)
/\/\ inf M4 (x)
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Interval Valued Intuitionistic Fuzzy Sets

Second geometrical interpretation

0,1)

1 —sup My

sup N4

ianA

(0,0)

'
1
|
|

-

inf Mg supMy 1 —supNy

(1,09
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Thank you very much for your attention!
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