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Background 1
Manifold M

Versions: CAT = TOP, PL, DIFF and mostly assume compact (closed)
DIFF: (M, Frn), Far = {(Us, ©a)taca St. pg0 @5t € C®

Examples

R?, 89, 8™ x S". T" F, F; ,Lie group G, G/H, ...

Applications

mathematical physics, dynamical systems, algebraic geometry, ...

v
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Background 2

Important prior results
@ Novikov (1955) - impossible to classify all manifolds of a fixed dim
e Milnor (1956) - discovery of exotic spheres

@ Smale (1958) - generalized Poincaré conjecture in dim > 5

If d > 4, then for any f.p. group G there exists M9 s.t. m1(M%) = G. J

Y Zpirr S7, but I7 =qop S7 J

If M~ S" then M Z1op S".
L3(7;1,1) ~ L3(7;2,1), but L3(7;1,1) Z1op L3(7;2,1)
X=Yifdf:X—=>Y, g:Y—Xst. gof ~idx and fog ~idy
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Surgery theory

The structure set of X

SAT(X) ={f: M= X}/ ~

The surgery exact sequence (Browder-Novikov-Sullivan-Wall)

For an n-manifold X with n > 5 nad m = 71(X) we have

c s NSAT (X ) Z22 41 (Zr) 255 SCAT(X) 22 NCAT(X) 225 Lo (Zrr).

Explanation

o NCAT(X) - normal cobordism - generalized cohomology theory

o L,(Zm) - Witt group of (automorphisms of) quadratic forms
@ o - surgery obstruction map
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The surgery exact sequence (Thm 11.22 (page 413))

Normal invariants - via cobordisms

((Iro??o)l My — X) ~ ((fl,f_rl): M; — X)

if exists
(F,F):(W; Mo, My) — (X x [0,1], X x 0, X x 1)
s.t. forj=0,1 ~
(F,F)ois = (5,7) |
L-groups

L,(Z) = Z (signature), 0, Z /2 (Arf invariant), 0

The surgery obstruction map when 71(X) =0
o: NAT(X) = La(Z), o(f,f) = (1/8)(sign(M) — sign(X)).
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Results

Homotopy spheres (Chapter 12)

SPIFF(s") = @, is a finite group, in terms of Ji: 1, SO — 7}, k = n, n+1.

v

Calculations in the TOP category (Chapters 18,19)

STOP(X) for X =S",Skx S/ .cpP"RP" 121 T" ..

v

When 71(X) is finite calculations involve representation theory of 7 (X). )

The Borel conjecture (Chapter 19) and Liick: 1C, 20257 J

STOP(BG) = {idgg}?

Proofs involve the so-called assembly maps. )
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Geometric surgery

Figure (surgery step)

M= T?
<X
A=—="
= @ @&
st St x D!
M\ (S x DY) M\ (S! x DY) Ugi, 61 D? x SO
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Examples

Milnor's exotic spheres in SP'FF(S7)

S3 — ¥ — S* bundles are classified by 73(SO(4)) 2 Z @ Z.
For (k, /) € m3(SO(4)) take ¥ = X (k, /) and note ¥ = OW for smooth W.

If 3 h:X % S7 then M := W U, D8 is a smooth manifold.

But Z € sign(M) = (L(M), [M]) & Z by the Hirzebruch signature theorem.

Examples in STOP(SP x S9) = | (Z) & L,(Z) via splitting invariants

Let h: M = SP x S9.
Make h h SP x {*} and consider g: N = h=1(SP x {x}) — SP x {x}.

Then s4;(h) = (1/8)(sign(N) — 0) detects STOP(S* x S9) = Z & Ly(7Z).
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Algebraic surgery (Ranicki)

Homological algebra

R - ring, M - R-module, Homg(M,—) is not a right exact functor
~ Extg(M, N) := H"(Homg(Ps, N)), with P, — M proj. R-res. of M

Chain complex

C r
Comone 5 G 08 € 5 Cg oo

A symmetric form on an R-module

¢ € Homgz5(Z, P* ®r P*)

An n-dim symmetric structure on an R-chain complex

[¢] € H"(Homgzz,5(W, C®g C)) with W —Z free Z[Z/2] — res.
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Assembly maps

Geometric surgery exact seq. ~~ Algebraic surgery exact seq.

Lni1(Zm) -2 STOP(X) — 25 NTOP(X) 2 | (Z7)

lz ’zlqsign 3% %lqsign X l:

Lp1(Z) 25 Sy (X) —2s Ho(X; Lo(1)) 272 1 (Z7)

The Farrell-Jones conjecture for torsion-free group G
asmb: H,(BG; Ls) — L,(ZG) is an isomorphism for all n € Z.
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Future

Kervaire invariant 1 problem
Determine 0: NP'FF(S") — Z/2 when n = 126.

The Borel conjecture

STOP(BG) = {idgg}?

More calculations in TOP

STOP(M)= ? when =y (M) is infinite, but contains torsion

More calculations in DIFF

SPFF(M) =~ ? when M #S" 5P x S9.CP",RP", ...

Combine with other tools

algebraic K-theory, smoothing theory, (higher) cobordism categories,

h-principles, homotopy theory, manifold calculus, geometric group theory...
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